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Abstract

This paper develops the uniform asymptotic theory for local projection (LP) re-

gression when the true lag order of the model is unknown and potentially infinite. The

theory allows for varying degrees of persistence in the data, growing response hori-

zons, and general conditionally heteroskedastic martingale-difference shocks. Based on

the theory, we make two main contributions. First, we show that LPs can achieve

semiparametric effi ciency at a given horizon under classical assumptions on the data,

provided that the controlled lag order diverges. Thus the commonly perceived effi -

ciency loss of LPs can become asymptotically negligible with many controls. Second,

we propose LP-based inference procedures for (level and cumulated) impulse responses

that possess robustness properties not shared by existing methods. Inference methods

using two distinct standard errors are considered. The uniform validity for the first

method depends on a zero fourth-order cumulant condition on shocks, while that of

the second holds more generally for conditionally heteroskedastic martingale-difference
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shocks. We propose a bootstrap procedure that improves finite-sample performance

and extend the standard error construction to structural responses.

Keywords: Impulse response; local projection; persistence; semiparametric effi -

ciency; uniform inference. (JEL Classification: C32.)

1 Introduction

Impulse response analysis is a fundamental tool in applied macroeconomic research. In

this paper, we develop inference procedures for impulse responses that are robust to model

specification, parameter locations, propagation horizons, and the dependence structure of the

shock process. Accordingly, the proposed methods can accommodate key stylized features

in macroeconomic data such as stochastic trends, high persistence, comovement, long-range

dependence, and volatility clustering.

Our approach is based on the method of local projections (LPs) (Jordà, 2005, 2023, Jordà

and Taylor, 2025, Dufour and Renault, 1998). Consider K endogenous variables of interest

stacked in the K × 1 vector yt. The primary interest of this paper is in the responses of

the first component, y1t, to all forecast errors after h propagation horizons, where h ≥ 1.

These responses are collected in the K × 1 vector β1(h). The LP method runs the following

h-period-lead regression

y1,t+h = %1(h) + β1(h)′yt +

p−1∑
`=1

θ1`(h)′yt−` + η1t(h), (1)

for a given integer p ≥ 1, where η1t(h) is the regression error and %1(h) is the intercept.

Since we do not assume the shocks to be observed, a suffi ciently large number of controlled

lags {yt−` : 1 ≤ ` ≤ p− 1} should be included to ensure proper identification of β1(h).1 The

reduced-form impulse responses β1(h) are fundamental parameters for constructing struc-

tural responses to various economic shocks, typically identified through exclusion restrictions

and represented as rotations of the reduced-form responses.

The robust inference we propose is based on a newly developed standard error for the

ordinary least squares (OLS) estimator β̂1(h) from the LP regression (1). The new standard

error is constructed by first partialling out control variables and then estimating the variance

1The regression (1) makes immediate sense if the data are known to follow the VAR(p) process. Then
iterating forward over h periods and focusing on the first equation in the system yields (1). We emphasize
that our analysis below does not require such knowledge, so the regression (1) may be misspecified for a
given p.
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of the martingale-transformed effective regression score. The estimated score variance is

simply a sum of squares, and it can be justified even when original score contributions

(with or without partialling out) are serially correlated (for h ≥ 2) in the presence of general

conditional heteroskedasticity. In the paper we establish the uniform validity of the proposed

inference procedure, which is robust to the aforementioned data features, under the vector

autoregression (VAR) model with an unknown and potentially infinite lag order. We extend

the standard error construction to recursively identified structural responses and discuss

special cases in which their inference does not require long-run variance estimation.

Robust inference of impulse responses potentially generated by a VAR(∞) process is
novel. The existing literature – whether based on LP or other estimators– that accommo-

dates models with infinitely many lags (e.g. Inoue and Kilian, 2002, Chang and Sakata,

2007, Jordà and Kozicki, 2011, Kilian and Lütkepohl, 2017, chapter 12, and Lusompa, 2022)

has primarily focused on stationary settings and fixed horizons. Allowing the true lag order

of the VAR model to remain unrestricted has been emphasized as fundamentally important

in the modern empirical macroeconomics literature (Kilian and Lütkepohl, 2017, chapter 6,

Nakamura and Steinsson, 2018).

When the VAR model is (plausibly) viewed as an approximation of the unknown true

data generating process (DGP), a relatively large lag order is often recommended; see Kilian

and Lütkepohl (2017) and Montiel Olea and Plagborg-Møller (2021). When the true DGP is

VAR(∞) (e.g. nondegenerate vector autoregressive and moving average model (VARMA)),
the model order is typically required– at least theoretically– to diverge at an appropriate

rate for satisfactory approximation quality. While we offer no formal theory for optimally

choosing the lag order when it grows with the sample size, our analysis suggests an important

implication. When the model order diverges, the LP estimator of the impulse response

at a given horizon can attain semiparametric effi ciency under classical assumptions on the

DGP (stationarity and homoskedastic shocks). Our result extends Plagborg-Møller and Wolf

(2021), who show that iterative VAR-implied and LP estimators share the same population

estimand and probability limit under a VAR(∞) model, by establishing the equivalence of
their asymptotic distributions. The equivalence result motivates the use of LP for inference,

as the effi ciency loss relative to the VAR estimator is asymptotically negligible, contrary to

the conventional view that LP is ineffi cient under a finite-order VAR specification.2

This paper’s contributions are summarized as follows:

1. We derive the asymptotic Gaussian theory for the LP estimator of β1(h) in the re-

2As Breitung and Brüggemann (2023, p.1321) note, “· · · , despite being potentially less effi cient than
iterated response estimators, local projections are nowadays a popular tool in empirical economics”.
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gression (1), which is valid uniformly over the parameter space of the VAR(∞) model that
allows the data to be weakly dependent, contain unit roots, and exhibit cointegration of un-

known form. The uniform theory also accommodates general conditional heteroskedasticity

and growing forecast horizons.

2. We propose a new standard error for the LP estimator, on the basis of which we

construct uniform inference procedures for β1(h).

3. We prove that the LP estimator is asymptotically as effi cient as the VAR estimator for

the impulse response at a given horizon if the lag order diverges, and the data are stationary

with homoskedastic martingale-difference innovations, regardless of whether the data are

generated by a finite-order VAR or VAR(∞) model.
4. We provide a bootstrap implementation that further enhances finite-sample perfor-

mance of existing and new inference methods, along with empirically calibrated simulations

supporting the theoretical results.

5. We extend the proposed standard error and inference procedures to other types of im-

pulse responses, including cumulative responses and structural responses identified through

short-run zero restrictions.

Recent literature. Montiel Olea and Plagborg-Møller (2021; hereafter MOPM)– which
clearly motivates the current study– focuses on persistence-robust inference for local projec-

tion regression under the finite-order VAR model. Another fundamental assumption under-

lying their uniformity results concerns conditionally mean-independent shocks. As the au-

thors note, “... What matters is that we include enough control variables so that the effective

regressor of interest approximately satisfies the conditional mean independence condition”

(MOPM, p.1809). We relax this assumption. The present paper therefore contributes to

the line of work in several ways: it allows for more general data generating processes (with

potentially infinite lags), more flexible control lag orders (which may diverge) in the LP

regression, a broader parameter space for uniform inference (accommodating unknown coin-

tegration in the system), general conditionally heteroskedastic martingale-difference shocks,

and a new standard error construction.

Our paper complements the literature on persistence-robust VAR-implied inference for

impulse responses (Mikusheva, 2012, Inoue and Kilian, 2020, and references therein). These

methods, typically developed for finite-order univariate AR models, infer impulse responses

as functions of estimated model parameters using the delta method or likelihood-based in-

ference. Our approach offers several advantages over traditional model-implied methods: it

delivers uniform validity over a broader class of models and parameter spaces, accommodates
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growing forecast horizons in a general manner, allows for more general shock processes, and

remains readily extendable– both theoretically and computationally– to multivariate set-

tings.

For example, Mikusheva (2012) studies a univariate model and extends it to VARs but

allows a unit root in only one specific endogenous variable. Her uniformity results permit

heteroskedastic shocks only under local-to-unity persistence. Inoue and Kilian (2020), under

a finite-order univariate AR with independent innovations, impose a rank condition (their

assumption B) that restricts the parameter space (see also Dufour, et al., 2025), which we

do not. Their analysis mainly covers fixed horizons, allowing growing horizons only in the

local-to-unity case.3

In the LP context, Lusompa (2022) proposes an alternative estimator that exploits serial

correlation in the LP regression error, improving effi ciency under a finite-order model (see

Section 2 and on-line Appendix D for why this gain does not extend to infinite-order settings).

Importantly, his inference relies on substantially stronger assumptions– stationarity, fixed

horizons, and a more restrictive lag-order growth rate– so its uniform validity under the

broader conditions considered here remains unclear.

In a more recent paper than the current one, Montiel Olea, et al. (2024) take a different

approach to dynamic misspecification. In a stationary, homoskedastic, and fixed-horizon

setting, they identify the degree of misspecification for which LP inference– ignoring the

misspecification– remains asymptotically valid, whereas the same type of VAR inference

does not, thereby further highlighting the robustness of local projections. Unlike the present

paper, they do not consider a general VAR(∞) model and rely on the MOPM method for

inference.

Recent research on LP has been particularly active. Li, et al. (2024) conduct extensive

simulations comparing LP and other impulse response estimators in settings with relatively

small lag orders. Dufour and Wang (2024) consider the inference of all coeffi cients in the LP

regression (1)– which they term as generalized impulse responses– not only β1(h). Methods

addressing a large number of control variables in LP regressions are studied by Adamek,

et al. (2024), Cha (2024), and Dinh et al. (2024). Nonlinearity and its implications on

linear VAR models and linear methods such local projections have been recently examined

by Gonçalves, et al. (2024), Inoue, et al. (2024), and Kolesár and Plagborg-Møller (2024).

The Bayesian formulation of the LP framework has been analyzed by Ferreira, et al. (2025)

3Earlier studies on inference of impulse responses based on the VAR recursive estimator for (nearly)
integrated time series include Phillips (1998), Wright (2000), Gospodinov (2004), Pesavento and Rossi (2007),
among many others.
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and Huber, et al. (2025).

Organization of the paper. We first provide a practical summary of our main results in
Section 2 and present finite sample evidence for asymptotic and bootstrap inferences in Sec-

tion 3. The formal asymptotic arguments, assumptions and general framework are detailed

in Section 4. We conclude in Section 5 and discuss possible extensions for future research.

Technical details, proofs, and additional results are provided in the on-line Supplement to

the paper (Appendices A-G, S1-S3).

2 Summary of main results

A motivating AR(1) example and martingale score. Our analysis is based on a

key tool of representing the LP regression score as a martingale process. To motivate this

idea, consider a simple case where the scalar time series yt follows a stationary AR(1),

yt = ayt−1 + ut, with ut a martingale difference sequence (MDS) with respect to the natural

filtration (recording the past) and |a| < 1. The LP regression at horizon h = 2 is

yt+2 = β(2)yt + ξt(2), (2)

where ξt(2) is the regression error. We omit the intercept for illustrative purposes. In this

simple model, β(0) = 1, β(1) = a and β(2) = a2. Using one iteration, we can see that

the error satisfies ξt(2) = β(1)ut+1 + ut+2. Given the data {yt, 1 ≤ t ≤ n}, the OLS of
(2) gives the LP estimator β̂(2) which takes the form β̂(2) = (

∑n−2
t=1 y

2
t )
−1
∑n−2

t=1 ytyt+2 =

β(2) + (
∑n−2

t=1 y
2
t )
−1
∑n−2

t=1 ytξt(2). The main complication in inference is to estimate the

variance of the LP score
∑n−2

t=1 ytξt(2), which is usually done in practice using a generic

method, e.g. a Newey-West-type long-run variance estimator for a chosen kernel function

and truncation parameter. We propose an alternative method, which adapts to the LP

setting. The method is based on the following representation of the LP score,

n−2∑
t=1

yt[β(1)ut+1 + ut+2]

= β(1)y1u2 +
n−1∑
t=3

[
β(1)yt−1 + yt−2

]
ut + yn−2un ,

n∑
t=2

wt, (3)

where w2 = β(1)y1u2, wt =
[
β(1)yt−1 + yt−2

]
ut, for 3 ≤ t ≤ n − 1, and wn = yn−2un. The

representation (3) is obtained by re-assembling the sum via collecting terms according to ut,
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instead of collecting terms according to yt in the original sum. In its original form, the score

is a sum of n− 2 terms ytξt(2) which are serially correlated, and after re-arranging the sum,

the score becomes a sum of n− 1 serially uncorrelated terms (which we call the transformed

score contributions wt). In fact, wt is an MDS, by the MDS property of ut, so the score now

written as
∑n

t=2wt is a martingale.

The advantage of expressing the LP regression score in martingale form is that the vari-

ance of the score can now be written as a sum of variances of martingale difference terms,

which is much simpler to analyze. This representation forms the foundation of our asymp-

totic analysis and the construction of the standard errors throughout the paper.

A realistic setting. For a vector time series yt, the LP regression (1) at horizon h
in general includes control lags and an intercept, and the exact lag order of the VAR

data-generating process (and therefore of the LP regression) may be unknown. To es-

timate β1(h), the impulse response vector of y1,t+h, the Frisch-Waugh-Lovell theorem al-

lows us to focus on the effective regressor, denoted by ût(h), the partialled-out residual

in the regression (1)– that is, the residual from regressing the focal regressor yt on con-

trolled lags yt−1, · · · , yt−p+1 and a constant. The OLS estimator can then be written as

β̂1(h) = [
∑n−h

t=p ût(h)ût(h)′]−1
∑n−h

t=p ût(h)y1,t+h. Let Rt (population linear projection resid-

ual) be the population analog of ût(h). In this general setting, what contributes to the

estimator variance is the effective score– the score relevant only to the impulse response pa-

rameter β1(h) and unaffected by the misspecification bias (assumed to be of smaller order).

The effective score is given by
∑n−h

t=p Rtξ1t(h), where ξ1t(h) =
∑h

i=1 β1(h− i)′ut+i.
Extending the algebra in (3), we rewrite the effective score as follows:

n−h∑
t=p

Rtξ1t(h) =

n∑
t=p+1

wt, (4)

where

wt =
[∑h

i=1 I{p≤t−i≤n−h}Rt−iβ1(h− i)′
]
ut.

Note that after this rearrangement, each summand wt depends only on the current (ut)

and past information (Rt−i, 1 ≤ i ≤ h, with coeffi cients being earlier impulse responses

β1(0), · · · , β1(h − 1)); the original score contributions Rtξ1t(h), by contrast, also involve

future innovations. The indicator functions4 I{·} in wt makes the expression slightly untidy,
but they are necessary for the equality (4) to hold exactly (everywhere)– no approximation

4In definition, I{event} = 1 if the event is true, and zero otherwise.
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of any sort is needed. These indicators reflect that, except for the h − 1 earliest and h − 1

latest t indices, wt is sum of h terms. See (3) for the case h = 2. Because Rt depends only

on {us, s ≤ t} (the current and past innovations), and ut is an MDS, each wt is again an
MDS. Hence (4) gives a martingale representation of the (effective) score for the general LP

regression (1). The representation (4) is the fundamental building block of our asymptotic

analysis; see Remark 5 for its relation to the martingale approximation techniques in the

classical time-series literature.

In this realistic setting, since we do not assume the shocks to be observed, the inclusion of

controlled lags is crucial for identification. If the true DGP has ptrue lags, in general ptrue− 1

controlled lags are required in the LP regression (1) for the leading slope coeffi cient β1(h) to

have the causal response interpretation. To allow for the possibility that ptrue is very large

(potentially infinite, as in VARMA models), we rely on sieve-type asymptotics (large−p) to
control the misspecification bias.5 We emphasize that we allow the true DGP to be a VAR

process of infinite order, with the finite-order VAR treated as a special case.

An additional profit of owning controlled lags (i.e. p ≥ 2) in regression (1) is that

the residualized regressor Rt becomes substantially less persistent than the original (focal)

regressor yt. If yt is integrated of order one, Rt becomes integrated of order zero (i.e. weakly

dependent). This property opens the door for persistence-robust inference. If controlled

lags are suffi ciently many (p is large enough, more on this below), Rt recovers the VAR

innovation, i.e. Rt = ut.

We extend the analysis above for level impulse responses to cumulative responses,
∑h

j=1 β1(j),

for which the LP regression (1) must be modified by replacing the dependent variable by the

cumulative outcome. After this modification, the formula for the martingale representation

(4) of the LP regression score continues to hold, provided that we replace the weight β1(h−i)
with its cumulative counterpart,

∑h
j=i β1(j − i), for 1 ≤ i ≤ h.

Standard errors. The martingale representation (4) simplifies the calculation of the
(asymptotic) variance, and also motivates a new variance matrix estimator for the OLS

estimator β̂1(h). Although our construction allows for joint inference across shocks and

response variables (see (21) for the general form of the construction), for simplicity we focus

here on a scalar response ν ′1β1(h), where ν1 is a known, nonzero K × 1 vector. For a sample

5To reflect the potential misspecification, in our notation we use ξ1t(h) to denote the ideal LP regression
error under correct specification. In the actual LP regression (1), the error η1t(h) equals ξ1t(h) plus the
potential misspecification error (for given p). In the case p ≥ ptrue, we have η1t(h) = ξ1t(h).
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of observations of yt, 1 ≤ t ≤ n, the new variance estimator for ν ′1β̂1(h) takes the form

V̂ = ν ′1

[∑n−h
t=p ût(h)ût(h)′

]−1 (∑n
t=p+1 ŵtŵ

′
t

) [∑n−h
t=p ût(h)ût(h)′

]−1

ν1. (5)

In this expression, ŵt = [
∑h

i=1 I{p≤t−i≤n−h}ût−i(h)β̃1(h− i)′]ũt, where {β̃1(i), 0 ≤ i ≤ h− 1}
trace out impulse responses at earlier horizons (with β̃1(0) being the first column of the

identity matrix IK), and ũt can be the horizon-one LP regression residual.6 For the choice

β̃1(i), one can use the VAR estimator (or the convenient LP estimator β̂1(i)); see Assumption

7 for the general conditions that β̃1(i) and ũt must satisfy for the consistency of V̂ . Because

of its construction, V̂ is referred to as the MG (martingale) variance estimator.

We also consider the state-of-the-art Eicker-Huber-White sandwich HC variance estima-

tor (popularized by MOPM) for regression (1), specialized for ν ′1β̂1(h):

V̂HC = ν ′1

[∑n−h
t=p ût(h)ût(h)′

]−1 [∑n−h
t=p η̂1t(h)2ût(h)ût(h)′

] [∑n−h
t=p ût(h)ût(h)′

]−1

ν1, (6)

where η̂1t(h) is the OLS residual from (1).7 We emphasize that V̂HC is implemented exactly

as in MOPM (except that the intercept is included in the regression), although we use

slightly different notation, η̂1t(h), to indicate that the regression may be misspecified. The

variance estimators V̂HC and V̂ differ only in the middle component, which reflects how the

score variance is estimated. The validity of V̂HC at multiple horizons (h ≥ 2) is nontrivial,

since it ignores serial correlation in the regression error; see (2) for example. However, with

suffi ciently many controlled lags (none are present in (2)) and under suitable restrictions on

higher-order dependence in the innovations, V̂HC can consistently estimate the variance of

ν ′1β̂1(h). Our martingale-based treatment of the LP score extends MOPM’s analysis to a

broader and more general framework.

Both the MG and HC variance estimators, V̂ and V̂HC , extend naturally to the LP

cumulative response estimator after appropriate modification; see Section 4 for details.

Theorems 2 and 3 in Section 4 present the conditions that ensure the uniform asymptotic

normality of the t-statistics (denoted as ŜHC and Ŝ) based on the variance estimators V̂HC
and V̂ , respectively. These results provide formal justification for constructing confidence

intervals, with implementation details discussed later in this section. In what follows, we

6The difference between ût(1) and ũt is that, ût(1) is the VAR(p − 1) regression residual of yt, while ũt
is the VAR(p) regression residual, both using the regression data {yt : t = p+ 1, · · · , n}.

7See applications of V̂HC in recent studies by Metcalf and Stock (2020), Obstfeld and Zhou (2022), Känzig
(2023), Cloyne, Dimsdale and Hürtgen (2025), and Ringo (2025), among others.
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first discuss the implications of our theory for empirical applications, and then examine the

implications of using different constructions of the standard error.

Robustness. Developed under general conditions, our asymptotic theory ensures valid
and robust inference across diverse settings. Robustness in our framework is fourfold.

First, given a VAR model, the inference is robust to the locations of the true VAR slopes

(which may be infinitely many) in the parameter space, as defined in Section 4.1. In par-

ticular, as long as the integration order is no greater than one, the framework allows any

number (between 0 and K) of integrated series in the system yt, as well as any number of

unit roots (which may be fewer than the number of integrated series if cointegration exists).

The key point is that, with controlled lags, the residualized regressors are stationary even

when the data exhibit unit roots. Because our inference results hold uniformly over the closed

parameter space, they also accommodate arbitrarily small neighborhoods of specific points–

typically modeled as drifting sequences– to capture near-unit-root or near-cointegration be-

havior. Our approach allows researchers to work directly with macroeconomic variables in

levels, contrasting with the indirect approach of differencing (commonly used for near-unit-

root processes). The latter approach can lead to effi ciency loss when unit roots are absent

and also rules out cointegration when the differenced data are modeled as a VAR process.

Our framework encompasses the conventional stationary case as a special instance. Be-

yond persistence robustness, our inference procedure does not rely on parameter values satis-

fying the rank condition commonly imposed in VAR-based inference to ensure nonsingularity

of the variance matrix (see, for example, Inoue and Kilian, 2020; Dufour et al., 2025).

Second, the inference is robust to higher-order dependence of the shocks8– particularly

to second-order dependence, such as conditional heteroskedasticity or volatility clustering–

as long as certain regularity (mixing) conditions hold, especially when the MG variance

estimator is employed.9 The intuition here is similar to that of the sandwich-form variance

estimator of White (1980), irrespective of horizons, thanks to the martingale re-arranged LP

score. As shown later, higher-order temporal dependence can invalidate simple LP inference

at multiple horizons.

Third, our inference is robust to diverging horizons– a property generally diffi cult to

achieve for persistence-robust VAR inference but feasible for linear estimators like LP. We

therefore extend MOPM’s arguments to this broader setting. However, LP estimators can

8Shocks are assumed to be serially uncorrelated, thus not dependent in the first order.
9Conditional heteroskedasticity has been recognized as a key stylized fact in macroeconomic data since, at

least, Engle’s (1982) ARCH model, and has recently been exploited for identifying structural VARs (Lewis,
2021).
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still exhibit substantial finite-sample bias at medium and long horizons, especially with

persistent data, motivating our novel bias-aware bootstrap method within the LP framework.

Fourth, our inference is robust to the model order of the true DGP– whether finite or

infinite. This robustness requires the lag order in action (i.e. p) to grow with the sample size,

implying that in practice, a relatively large number of controlled lags should be included.

Embedding the LP regression in a large−p asymptotic framework, we show that as the sample
size increases, the LP estimator recovers the true response and the resulting confidence

intervals achieve correct coverage. We elaborate on this below.

The large−p framework. The large−p asymptotics, a key component of our misspecifi-
cation robust framework, is relevant for applications where researchers choose a conservative

lag order (large p) either for specification safety or to allow suffi cient time for economic

variables to respond.10 Lag orders chosen in this way are often substantially larger than

those selected by data-driven criteria such as Akaike information criterion (AIC).11 Naka-

mura and Steinsson (2018, p.81) highlighted the diffi culty of approximating a macro system

with finite-order VAR models, motivating the use of a large lag order. As mentioned earlier,

including a suffi cient number of lags is essential to achieve identification– or “invertibility,”

as commonly referred to in the structural VAR literature.

Moreover, it is common for empirical researchers to examine a range of lag orders for

sensitivity checks. Although a formal procedure to determine the unique “optimal” lag

order (in a proper sense) in a robustness setting like ours is still lacking in the large−p
framework, our theory provides guidance on a rough but informative range of lag orders

that practitioners can explore for robust inference. In principle, the lag order should be

large enough to ensure that potential misspecification bias is negligible, but not so large that

model variance becomes unmanageable. In contrast, the finite−p framework is silent on the
maximum lag order suitable for sensible inference.

The large−p framework aligns naturally with the lag-augmentation idea for the LP in
the finite−p framework, advocated by MOPM (see also Breitung and Brüggemann, 2023).12

In the finite−p framework, an extra lag is used for the partialling-out step to recover the
10A large lag order has been recommended for VAR method (Kilian and Lütkepohl, 2017, chapter 2.6, pages

63-65; see also Kilian, 1998, Inoue and Kilian, 2002), and this recommendation has been partly inherited in
the LP literature. For example, Romer and Romer (2004) used 24 lags to control for the usual dynamics of
macro variables. Kilian used p = 24 in his trivariate VAR setting. Känzig (2021, appendix A.2) use 12, 18,
24 lags in his LP specification.
11For Kilian (2009) data, various information criteria select a VAR lag order of 2 or 3.
12Under finite-order VAR model, Dufour et al. (2006) also discussed the robustness of the lag-augmented

regression to persistent data and suggested using a Newey-West type standard error.
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shock of interest, whereas in the large−p framework, a similar goal is achieved by increasing
the number of controlled lags asymptotically to capture all relevant dynamics.

On the other hand, the large−p framework somewhat mitigates the tension between
adjacent lag orders, once p is large, and instead focuses on a range. Mathematically, this is

justified by the heuristics that p− 1→∞ (p− 1 is the number of lags in the partialling-out

step) if p → ∞. Once p → ∞, the requirements (in the form of upper and lower bounds)

for the increasing rate for p (without lag augmentation), as a function of the sample size, is

equivalent to the same conditions applied to p+1 (with lag augmentation). For a suffi ciently

large p, we can reasonably expect the last few LP regression coeffi cients to be rather small, so

estimation and inference results for the leading (lag-zero) coeffi cient β1(h), based on adding

an extra remote lag or not, are likely to be very similar.

To illustrate the diminishing returns of lag augmentation, in the simulations reported in

Section 3 where the DGP is known to be VAR(ptrue), lag augmentation can dramatically

affect inference based on the HC standard error when ptrue = 1, but the effect diminishes

substantially when ptrue ≥ 2.

Pros and cons of different standard errors. Different structures of V̂ and V̂HC in

(5) and (6) lead to important differences in inference construction. While remarkably simple,

the variance estimator V̂HC is consistent under the crucial condition that score contributions

Rtξ1t(h) are uncorrelated across t. This condition is typically justified by first recovering

the VAR innovation ut through Rt, and then imposing restrictions on ut to rule out serial

correlation in the score contributions.

This justification process for V̂HC leads to the following advantages of its alternative,

V̂ . First, while the uncorrelatedness of score contributions for h = 1 is implied by the

MDS property of ut, it is not an innocuous assumption for h ≥ 2. In fact, it typically

imposes restrictions on the higher-order dependence of ut (e.g. via the zero fourth-order

cumulant condition in Assumption 6), which in turn rules out certain forms of conditional

heteroskedasticity; see Section 4.3 for examples. One way to impose these restrictions is

through the convenient assumption of “conditional mean independence”, E(ut|us, s 6= t) = 0,

almost surely, as used by MOPM. In contrast, the validity of V̂ does not require such

restrictions on higher-order dependence of the innovations and is therefore more robust, for

example, to general conditional heteroskedasticity.

Second, V̂ -based inference is in general more robust to lag choices. Under a finite-order

VAR(p) model with known order, V̂ has two additional advantages compared with V̂HC . Lag

augmentation for the LP regression is not required for persistence-robust inference based
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on V̂ once p ≥ 2 (see Remark 8). Moreover, if stationarity is additionally imposed, lag

augmentation is unnecessary for valid V̂ -based inference for all p ≥ 1. In simulations, we

find that V̂ -based inference is more robust to a range of lag choices, including large ones.

Despite these differences, both variance estimators V̂HC and V̂– each estimating the long-

run variance matrix as a sum of squares (or outer products)– are straightforward to compute.

This simplicity makes Newey-West type variance estimators unnecessary for inference on

reduced-form impulse responses (and certain types of structural responses), at least in our

settings (especially when V̂ is used).

Implementation.
Algorithm 1. (Asymptotic confidence interval for ν ′1β1(h))

1. For a given lag order p (see the following paragraph for recommendations) and horizon

h, run regression (1) to obtain the OLS estimator β̂1(h).

2. Compute the variance estimator V̂ , using formula (5). One can also compute V̂HC ,

using either the standard regression package output or equivalently formula (6).

3. The 100(1− τ)%-level confidence interval (CI) is given by ν ′1β̂1(h)± V̂ 1/2q(1− τ/2),

where q(1− τ/2) is the (1− τ/2)-th quantile of the standard normal distribution. Alterna-

tively, one can use the standard error V̂ 1/2
HC in place of V̂

1/2.

For the lag order choice p, while a formal theory is yet to be developed, we draw insight

from the VAR literature, which focuses on impulse responses and their inference rather

than identifying the true model; Kilian and Lütkepohl (2017, chapter 2.6, pages 63-65). A

practical method is to consider a range of lags chosen ex ante based on the economic context

(and possibly the number of macro variables). A suffi ciently long lag should be included to

capture delayed responses– for instance, a starting point can be 12 for monthly data and 4

for quarterly data (one year worth of lagged values; Nakamura and Steinsson, 2018, p. 80),

and potentially up to twice these numbers. Consistent inference results across a range of

lags are especially appealing.

It is also common to use the same lag order across all horizons considered (Jordà and Tay-

lor, 2025, p.65) for ease of interpretation and for the support provided by the identification

analysis.13 This constant lag choice across horizons in fact provides a robust argument for us-

ing the LP: if the true horizon-one LP involves ptrue lags, then horizon-h LP requires at most

13It might be tempting to allow different lag orders across horizons. However, if an information criterion
is applied separately to the LP regression for each horizon h, the procedure is likely to select a lag order
that is too small for large h (see Brugnolini, 2018, for simulation evidence), possibly due to small remote LP
coeffi cients and large residual variance. This may lead to misspecification bias and low CI coverage.
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ptrue lags for identification of impulse responses.14 The information-criterion-based method

(in particular, AIC) applied to the horizon-one LP regression can be used as a guidance, e.g.

to adjust the range. As a side note, using a single lag order chosen in a data-dependent way

(e.g. via certain information criterion) requires caution. The order such selected is often too

small to allow the response delay. Also, the post-selection inference (e.g. Leeb and Pötscher,

2005) remains uninvestigated in the LP setting. Our asymptotic theory provides justification

for a range of lag orders. Although it is diffi cult to pin down exact lower and upper bounds,

the theory shows that there is no asymptotic cost to using a relatively large lag order (within

the range).

Semiparametric effi ciency of local projections. An important implication of our
theory is that when p diverges (at an appropriate rate), the LP estimator is as effi cient as the

conventional VAR iterative estimator of the impulse response at a given horizon under clas-

sical assumptions of stationarity (as in Plagborg-Møller and Wolf, 2021) and homoskedastic

MDS shocks (E(utu
′
t|us, s ≤ t−1) = Σ, a.s.). Under these assumptions, our theory (Theorem

1 in Section 4) implies

n1/2
(
ν ′1[
∑h−1

i=0 β1(i)′Σβ1(i)]Σ−1ν1

)−1/2

[ν ′1β̂1(h)− ν ′1β1(h)]
d→ N (0, 1). (7)

For a scalar series, n1/2[
∑h−1

i=0 β(i)2]−1/2[β̂(h) − β(h)]
d→ N (0, 1). In fact, this asymptotic

distribution is shared by the VAR iterative estimator for given h under the same set of

classical assumptions as p diverges, by a slight extension of the argument in Lütkepohl

(1990) (see also Lütkepohl, 2005, eqn. (15.4.1)).15

Thus LP possesses the same optimality properties as the VAR-implied estimator. In

particular, under the classical assumptions mentioned above, LP (VAR, as well) reaches the

asymptotic effi ciency bound under the semiparametric conditional moment condition model

E(yt −
∑∞

j=1 ajyt−j|yt−s, s ≥ 1) = 0. Such bounds are characterized in Chamberlain (1987)

and extended here through a sieve approximation. If one further assumes Gaussianity, the

14In other words, the LP focuses on the responses of a particular macro variable and therefore does not
require the entire VAR system to be correctly specified. For this reason, and given the robustness results
recently established by Montiel Olea et al. (2024), we do not recommend using an excessively long lag
order for the LP– it should be bounded by the lag length a researcher would use for the VAR, if chosen
conservatively.
15We offer two comments here. First, the sieve asympotics for the VAR estimator rely on the assumption

h ≤ p, as noted in Lütkepohl (1990). See Ballarin (2021) for a recent cautionary note. In contrast, this
assumption is not needed for the sieve asympotics of the LP estimator. Second, the asymptotic theory we
obtain for the LP estimator (Theorem 1) holds under much weaker assumptions than those stated here for
the effi ciency claim.
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LP is asymptotically Cramér-Rao effi cient.

The optimality of LP contrasts with the well-known result that the direct regression is

less effi cient than the iterative (VAR-implied) estimator under a finite-order VAR model;

see e.g. Bhansali (1997), Schorfheide (2005), Marcellino, et al. (2006), Xu (2020a), among

others, in slightly different contexts. Based on the argument that the VAR estimator is

more effi cient than LP under a finite-order VAR model with homoskedastic errors, Stock

and Watson (2018) proposed a Hausman test for invertibility. The intuition behind this effi -

ciency gain is analogous to that of a dimension-reduction factor model; all impulse responses

are functions of a relatively small number of common parameters (VAR slopes). Imposing

such functional relation– if correctly specified– yields an effi cient estimator. However, the

effi ciency gain generated from such extraction through a parsimonious model dissipates as

the model dimension increases, ultimately leading to our effi ciency equivalence result.

Focusing on identification and first-order sample equivalence (i.e. the difference between

LP and VAR estimators converging to zero), Plagborg-Møller and Wolf (2021, section 2.5)

conjectured that LP and VAR could be equally effi cient but did not provide formal analysis.16

In on-line Appendix E, we report some simulation results comparing the finite-sample be-

havior for LP and VAR estimators across a range of lag order choices. The design is based on

an empirically fitted trivariate VARMA model (one of the designs used in Section 3). While

LP and VAR estimators exhibit markedly different mean square errors (MSEs) for small

lag orders– with either estimator potentially dominating depending on the response variable

and shock– the MSE difference generally disappears for large lag orders, corroborating our

theoretical results.

Lusompa (2022) proposes an alternative LP estimator that exploits the serial correlation

structure of the LP regression error.17 In on-line Appendix D (Proposition 1) we show

that, in a simple setting, this alternative LP estimator has the same asymptotic distribution

as the standard LP estimator (as in (7)) at a given horizon, provided that a suffi ciently

large lag order is used. This result contrasts with Lusompa (2022, proposition 6), which

shows an effi ciency gain for the alternative LP estimator under knowledge of the true (finite)

model order. Although the asymptotic theory under more general conditions warrants further

investigation, our effi ciency analysis suggests that, under the VAR(∞) model, the alternative
estimator is unlikely to be more effi cient than the standard OLS estimator under the classical

16Probably influenced by the ineffi ciency result on LP under finite-order VAR model, the literature has
expressed mixed conjectures regarding the effi ciency of LP under the infinite-order model. Lusompa (2022,
footnote 5) notes that “... in the infinite lag case ... most people would probably assume this (LP is less
effi cient than VAR-implied estimator)”.
17See also Breitung and Brüggemann (2023, section IV) for a similar estimator.
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assumptions above, unless additional structural restrictions are imposed.

We emphasize that our asymptotic distributional equivalence result between LP and VAR

concerns the behavior as the model order increases. For a small p and in finite samples, the

bias-variance trade-off between LP and VAR remains non-trivial and has been explored in

recent studies (Li, et al., 2024, Ferreira, et al., 2025, among others).

3 The bootstrap and simulation experiments

In finite samples, we suggest the following bootstrap implementation.

Algorithm 2 (Re-centered bootstrap CIs for ν ′1β1(h)).

Step 1 (Bootstrap samples). Given the data {yt, t = 1, · · · , n} and the lag order p
chosen by the empirical researcher, an OLS fit of the VAR(p) model (with no intercept)

to yt − %̂y, where %̂y = n−1
∑n

t=1 yt, yields slope estimates aj and residuals ut. For t =

p+ 1, · · · , n, let u∗t = [ut− (n− p)−1
∑n

t=p+1 ut]vt, where vt is a sequence of I.I.D. zero-mean

unit-variance random variables (we use standard normal variables), producing bootstrap

randomness. Generate Y ∗t =
∑p

j=1 ajY
∗
t−j +u∗t , where the starting values can be Y

∗
t = Yt, for

t = 1, · · · , p. A bootstrap sample is then obtained as {y∗t , t = 1, · · · , n}, where y∗t = %̂y +Y ∗t .

Step 2 (Bias adjustment term). Using the original sample {yt}, compute β̂1(h), V̂ and

b̂ias. Here β̂1(h) is the OLS of LP regression (1), and V̂ follows from Algorithm 1. b̂ias is

defined as the average of ν ′1β̂
4
1 (h)− ν ′1β̂

V AR

1 (h) over Bin bootstrap samples, in each of which

β̂
4
1 (h) is computed for the bootstrap sample {y4t }, generated by resampling the original
sample {yt} following Step 1. Here β̂

V AR

1 (h) is the iterative VAR estimator of β1(h) based

on VAR slopes {a1, · · · , ap}.
Step 3 (Bootstrap test statistic). For a bootstrap sample {y∗t }, construct the test statistic

as following:

Ŝ∗,bc = V̂ ∗−1/2[ν ′1β̂
∗
1(h)− b̂ias

∗
− ν ′1β̂

V AR

1 (h)]. (8)

Here β̂
∗
1(h) and V̂ ∗are computed similarly as β̂1(h) and V̂ except that the bootstrap sample

is used in place of the original sample. The estimated bias term b̂ias
∗
is the average of

ν ′1β̂
∗4
1 (h) − ν ′1β̂

V AR,∗
1 (h) over Bin bootstrap samples, in each of which β̂

∗4
1 (h) is computed

for the bootstrap sample {y∗4t }, generated by resampling (Bin times) the bootstrap sample

{y∗t } according to Step 1. β̂
V AR,∗
1 (h) is the iterative VAR estimator of β1(h) based on the

bootstrap sample {y∗t }.
Step 4 (Confidence interval). Putting together the results in Steps 2 and 3, the 100(1−
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τ)%-level CI is constructed as

ν ′1β̂1(h)− b̂ias± V̂ 1/2q∗sym(1− τ), (9)

where q∗sym(1− τ) is the (1− τ)-th quantile of Bout replications of |Ŝ∗,bc| in (8).

Algorithm 2 is written for the variance estimator V̂ (and the statistic Ŝ). Corresponding

bootstrap CIs can be obtained when V̂HC and ŜHC are used instead.18 Algorithm 2 mod-

ifies the recursive residual-based bootstrap proposed by MOPM, which we refer to as the

unadjusted bootstrap.19 The re-centering step implements a bias adjustment of the point

estimator, achieved by an inner-loop bootstrap following the same bootstrap.20 The mo-

tivation for this direct adjustment21 is that finite-sample bias appears to be the dominant

factor distorting inference, especially for persistent data and for medium to long horizons.

Bias adjustment alters (typically increases) the finite-sample variance of the point estimator,

which is properly accounted for by the outer-loop bootstrap that generates adjusted critical

values (Step 3).22 For the re-centered statistic, bootstrap critical values are constructed

symmetrically rather than as equal-tailed intervals (as in the unadjusted bootstrap).23

In implementation, the inner-loop bootstrap only computes the point estimator (not

the standard error), and the bias adjustment term– being an average– can be estimated

with good precision using a modest number of bootstrap replications, keeping the additional

computational cost manageable. In the remainder of this section, we evaluate the finite-

sample performance of both asymptotic and bootstrap inference methods for level impulse

18The uniform validity of the recursive bootstrap scheme applied to LP regression with the HC standard
error and the associated CI coverage properties are recently studied by Velez (2024) under the AR model.
Combined with the steps we provide in the proofs of Theorems 1—3, these arguments can be extended to
prove bootstrap validity in our more general setting.
19For completeness, the unadjusted bootstrap is provided in Algorithm 3 in the on-line Appendix G,

which extends the bootstrap of MOPM by allowing for non-zero data means.
20The bootstrap-based bias correction in constructing inference has been used in various contexts, e.g.

Kilian (1998) and Gupta and Seo (2023), but with some important differences in implementation from ours.
21Although our focus is on inference, the bias-adjusted point estimator itself is also practically useful. It

complements the proposal by Herbst and Johannsen (2024), whose analytical bias correction assumes directly
observed shocks (which we do not). See Mei, et al. (2023) for alternative bias correction methods in panel
LP regressions.
22MOPM also considered bias adjustment (as an optional step) but in a different manner. Their approach

(analytically) bias-adjusts the VAR slopes in the bootstrap DGP, while we bias-adjust the test statistic
and use unadjusted VAR slopes in the bootstrap DGP. In our simulation experiments, the latter approach
provides more substantial improvement.
23The literature provides both theoretical and numerical support for symmetric critical values when the

test statistic is nearly unbiased (as in our setting, owing to the bias correction); see Hall (1988), Hall and
Horowitz (1996), Andrews (2002), Gonçalves and Kilian (2004), and Romano and Wolf (2006).
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responses β(h) based on the local projection regression studied in this paper.

Designs. To make the simulation designs empirically relevant, we fit three trivariate
models to the monthly data used in Kilian (2009)– VAR(1), VAR(2) and VARMA(2,1) (all

including anintercept)– and use them as our data generating processes (DGPs).24

The estimated coeffi cient matrices are used to compute the true impulse responses im-

plied by the three mean models. The shocks are generated from a three-dimensional, time-

invariant conditional-correlation Gaussian vector GARCH(1,1) model, with parameters and

the correlation matrix obtained by fitting the vector-GARCH model to the residuals from

each mean model. In the Kilian data, the individual first-order autocorrelation coeffi cients

of the three series are −0.091, 0.971, and 0.984, respectively. Thus, the first series (growth

rate of world oil production) exhibits only minor serial correlation, whereas the latter two

(global real activity and the real price of oil) display strong serial persistence. These persis-

tence properties, along with cross-sectional correlations and conditional heteroskedasticity,

are captured in our DGPs.

We set the sample size to n = 240 and consider integer horizons ranging from 1 to

60. The number of simulation replications in simulations is 10,000 for the asymptotic CIs

and 2000 for the bootstrap CIs. For the bootstrap CIs, we draw Bout = 1000 bootstrap

replications in the outer loop to compute critical values and Bin = 50 replications in the

inner loop to compute the bias adjustment term (for the re-centered bootstrap CI).25 The

nominal confidence level for all CIs is 90%.

For the lag order, we consider p ∈ {1, 2, 12} for the VAR(1) DGP. The choice p = 12

represents a common and conservative specification for monthly data, without requiring

knowledge of the true model order. We deliberately include p = 1 and p = 2, corresponding

respectively to the LP with the true lag order and and the lag-augmented LP (the true order

plus one), to examine the effect of lag augmentation. Similarly,we consider p ∈ {2, 3, 12} for
the VAR(2) DGP. For the VARMA(2,1) DGP, since no finite true lag order exists, we use

p ∈ {2, 6, 12} to illustrate performance across a range of lag choices.
Methods. We focus on the responses of the third variable to all three shocks. For these

responses, we consider four methods for constructing confidence intervals: the asymptotic

24The three models are employed as simulation designs to generate different patterns of temporal depen-
dence. We do not take a position on which model provides the best fit to the Kilian data.
25The choice of Bin = 50 is admittedly small for computational feasibility. However, in our settings, the

MSE of the bias-adjusted point estimator does not change much as Bin increases. In empirical applications,
where computational burden is less of a concern than in simulation studies, researchers can use larger values
of Bin (and Bout) if desired.
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Table 1: Asymptotic confidence intervals (CIs) under the DGP VAR(1). [Equation 3, n =

240.] [The standard error used is V̂ 1/2
HC (HC) or V̂

1/2 (MG).]

Coverage (90%) Median Length

HC CI MG CI HC CI MG CI

h � p 1 2 12 1 2 12 1 2 12 1 2 12

Shock 1

1 .892 .880 .855 .892 .880 .855 .0168 .0169 .0172 .0168 .0169 .0172
6 .914 .888 .839 .886 .885 .847 .0379 .0386 .0387 .0345 .0381 .0398
12 .914 .885 .818 .878 .882 .839 .0499 .0506 .0505 .0444 .0493 .0534
24 .922 .888 .806 .880 .885 .864 .0635 .0637 .0629 .0547 .0613 .0697
36 .917 .888 .795 .879 .878 .871 .0710 .0712 .0692 .0599 .0671 .0787
48 .915 .887 .791 .874 .875 .872 .0752 .0761 .0720 .0626 .0701 .0832
60 .914 .892 .770 .868 .875 .866 .0774 .0783 .0731 .0633 .0708 .0865

Shock 2

1 .834 .891 .865 .834 .891 .865 .0009 .0034 .0035 .0009 .0034 .0035
6 .425 .871 .842 .841 .880 .848 .0021 .0078 .0079 .0050 .0079 .0081
12 .318 .844 .797 .840 .870 .825 .0027 .0102 .0104 .0091 .0107 .0109
24 .242 .773 .721 .817 .809 .769 .0034 .0131 .0129 .0153 .0143 .0147
36 .204 .691 .613 .792 .738 .702 .0038 .0147 .0142 .0197 .0168 .0173
48 .179 .620 .532 .758 .677 .630 .0040 .0157 .0148 .0227 .0183 .0189
60 .163 .564 .471 .726 .630 .584 .0042 .0161 .0149 .0245 .0192 .0198

Shock 3

1 .774 .873 .830 .774 .873 .830 .043 .286 .275 .043 .286 .275
6 .343 .807 .754 .743 .807 .760 .095 .514 .510 .233 .515 .518
12 .237 .740 .676 .720 .749 .697 .123 .650 .643 .429 .661 .677
24 .169 .659 .597 .698 .691 .657 .156 .801 .789 .734 .845 .892
36 .136 .647 .585 .693 .695 .671 .176 .892 .860 .958 .962 1.033
48 .127 .670 .605 .714 .720 .723 .189 .943 .899 1.131 1.026 1.118
60 .127 .691 .627 .739 .763 .762 .198 .970 .907 1.256 1.071 1.159

CIs (Algorithm 1) and the re-centered bootstrap CIs (Algorithm 2), each implemented

with either the variance estimator V̂HC or V̂ . These are referred to as the HC CI, MG

CI, bootstrap HC CI, and bootstrap MG CI, respectively. Simulation results are reported in

Tables 1 and 2 for the asymptotic CIs under DGPs VAR(1) and VAR(2), and in Tables 3 and

4 for the bootstrap CIs. To save space, corresponding results for the VARMA(2,1) DGP are

presented in on-line Appendix F. To assess the impact of bias adjustment on the bootstrap

CIs, we also implement a simpler version without bias adjustment– the unadjusted bootstrap

CIs (Algorithm 3, on-line Appendix G)– with results for all three DGPs reported in on-

line Appendix G.

Results: Asymptotic methods. We first present results when the DGP is VAR(1).
Because the data are highly persistent, researchers may choose between the stationary frame-
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Table 2: Asymptotic confidence intervals (CIs) under the DGP VAR(2). [Equation 3, n =

240.] [The standard error used is V̂ 1/2
HC (HC) or V̂

1/2 (MG).]

Coverage (90%) Median Length

HC CI MG CI HC CI MG CI

h � p 2 3 12 2 3 12 2 3 12 2 3 12

Shock 1

1 .890 .880 .869 .890 .880 .869 .0168 .0169 .0173 .0168 .0169 .0173
6 .907 .867 .836 .885 .869 .848 .0567 .0569 .0577 .0523 .0565 .0586
12 .910 .871 .821 .884 .871 .843 .0765 .0764 .0765 .0679 .0747 .0810
24 .911 .875 .797 .873 .873 .853 .0928 .0937 .0927 .0802 .0882 .1006
36 .915 .872 .792 .866 .873 .859 .0993 .0996 .0980 .0834 .0937 .1095
48 .905 .871 .766 .870 .871 .862 .1013 .1017 .0985 .0857 .0951 .1133
60 .915 .863 .773 .875 .867 .862 .1033 .1032 .0988 .0865 .0974 .1172

Shock 2

1 .891 .885 .863 .891 .885 .863 .0033 .0034 .0035 .0033 .0034 .0035
6 .800 .859 .844 .893 .863 .853 .0109 .0116 .0117 .0136 .0117 .0119
12 .779 .845 .811 .873 .860 .835 .0148 .0157 .0157 .0183 .0161 .0165
24 .755 .797 .751 .842 .834 .815 .0181 .0191 .0189 .0221 .0205 .0212
36 .722 .759 .703 .814 .799 .787 .0194 .0206 .0199 .0236 .0225 .0239
48 .711 .746 .678 .801 .795 .784 .0197 .0210 .0203 .0241 .0236 .0252
60 .714 .745 .675 .816 .806 .804 .0199 .0212 .0204 .0247 .0242 .0262

Shock 3

1 .869 .861 .820 .869 .861 .820 .254 .284 .274 .254 .284 .274
6 .694 .788 .737 .819 .785 .742 .692 .774 .764 .928 .775 .772
12 .639 .727 .689 .782 .744 .715 .885 .979 .975 1.225 1.011 1.026
24 .622 .683 .626 .762 .718 .693 1.051 1.170 1.150 1.455 1.248 1.312
36 .640 .689 .623 .788 .738 .718 1.123 1.254 1.214 1.535 1.366 1.465
48 .686 .719 .666 .832 .788 .783 1.143 1.278 1.239 1.561 1.421 1.548
60 .696 .766 .711 .859 .836 .841 1.153 1.279 1.238 1.597 1.463 1.601

work and the robust framework, which treats potential unit roots as part of the truth. Under

the specification with p = 1, the MG CI is asymptotically valid within the stationarity frame-

work, whereas the HC CI is generally not. The invalidity of the HC CI arises from serial

correlation– particularly for the responses to shocks 2 and 3, which are recovered from highly

persistent macro variables. Under the specification p ≥ 2, both MG CI and HC CI become

asymptotically valid under either the stationary or robust framework. These theoretical

properties are supported by the simulation results reported in Table 1. Specifically, when

p = 1, the HC CI exhibits severe undercoverage for responses to shocks 2 and 3, with cov-

erage rates as low as 12.7% for a nominal 90% CI. In contrast, the MG CI achieves much

more reasonable coverage across all shocks. When p = 2, the coverage of HC CI improves
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Table 3: Re-centered bootstrap confidence intervals (CIs) under the DGP VAR(1). [Equation
3, n = 240.] [The standard error used is V̂ 1/2

HC (HC) or V̂
1/2 (MG).]

Coverage (90%) Median Length

HC CI MG CI HC CI MG CI

h � p 1 2 12 1 2 12 1 2 12 1 2 12

Shock 1

1 .912 .917 .915 .912 .917 .915 .0174 .0180 .0193 .0174 .0180 .0193
6 .906 .910 .889 .906 .895 .892 .0369 .0416 .0472 .0359 .0404 .0464
12 .925 .905 .895 .907 .899 .880 .0473 .0548 .0652 .0467 .0528 .0635
24 .909 .906 .910 .905 .901 .921 .0591 .0699 .0843 .0566 .0663 .0811
36 .906 .912 .897 .911 .905 .899 .0662 .0782 .0937 .0634 .0724 .0901
48 .908 .918 .889 .905 .895 .899 .0712 .0817 .1011 .0658 .0759 .0963
60 .910 .921 .900 .903 .918 .896 .0733 .0846 .1033 .0655 .0771 .0949

Shock 2

1 .876 .902 .896 .876 .902 .896 .0010 .0036 .0040 .0010 .0036 .0040
6 .861 .894 .915 .869 .879 .908 .0055 .0088 .0098 .0056 .0085 .0097
12 .852 .900 .888 .863 .893 .885 .0099 .0125 .0139 .0105 .0121 .0135
24 .841 .893 .874 .873 .893 .862 .0173 .0180 .0190 .0184 .0177 .0190
36 .808 .844 .846 .850 .839 .844 .0226 .0223 .0235 .0247 .0221 .0230
48 .790 .792 .795 .835 .783 .803 .0258 .0245 .0256 .0287 .0246 .0252
60 .767 .743 .754 .809 .739 .761 .0272 .0251 .0263 .0312 .0251 .0260

Shock 3

1 .873 .909 .888 .873 .909 .888 .051 .314 .322 .051 .314 .322
6 .869 .902 .891 .873 .898 .884 .281 .615 .658 .289 .582 .646
12 .854 .900 .870 .873 .889 .863 .514 .830 .900 .535 .772 .875
24 .832 .875 .845 .869 .863 .843 .820 1.103 1.156 .886 1.041 1.132
36 .811 .846 .814 .850 .844 .819 1.007 1.241 1.291 1.098 1.176 1.289
48 .792 .858 .833 .853 .850 .835 1.147 1.311 1.401 1.225 1.237 1.349
60 .810 .875 .845 .852 .865 .859 1.253 1.326 1.416 1.337 1.254 1.386

dramatically for shocks 2 and 3,26 although it generally remains below that of the MG CI,

particularly at longer horizons.

Using the agnostic lag order p = 12 is not without cost in finite samples. The most

pronounced cost arises for the HC CI when the DGP is VAR(1); its coverage can fall by

more than 12 percentage points compared to that for p = 2. In contrast, the cost of using

the agnostic lag order is generally milder for the MG CI– sometimes substantially so– for

instance, in the coverage of responses to shock 1 at medium and long horizons.

Regarding effi ciency, note that both MG and HC CIs are centered on the same estimator

(OLS) and use the same Gaussian critical values. Therefore, the superior coverage of the

26These findings are consistent with earlier simulation results in the literature (e.g., MOPM, under the
scalar AR(1) model) that document similar behavior of HC standard errors in lag-augmented LP regressions.
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Table 4: Re-centered bootstrap confidence intervals (CIs) under the DGP VAR(2). [Equation
3, n = 240.] [The standard error used is V̂ 1/2

HC (HC) or V̂
1/2 (MG).]

Coverage (90%) Median Length

HC CI MG CI HC CI MG CI

h � p 2 3 12 2 3 12 2 3 12 2 3 12

Shock 1

1 .916 .903 .900 .916 .903 .900 .0176 .0177 .0198 .0176 .0177 .0198
6 .923 .915 .894 .920 .901 .894 .0577 .0635 .0716 .0552 .0614 .0708
12 .915 .918 .902 .901 .908 .896 .0763 .0853 .1033 .0722 .0813 .1004
24 .918 .922 .900 .913 .902 .899 .0917 .1048 .1265 .0839 .0977 .1201
36 .898 .910 .895 .876 .910 .885 .0989 .1111 .1344 .0910 .1022 .1259
48 .919 .920 .906 .908 .897 .898 .1015 .1158 .1375 .0921 .1049 .1275
60 .912 .907 .908 .897 .903 .909 .1040 .1172 .1394 .0930 .1075 .1280

Shock 2

1 .915 .903 .904 .915 .903 .904 .0034 .0037 .0040 .0034 .0037 .0040
6 .925 .915 .896 .918 .903 .884 .0147 .0135 .0143 .0145 .0131 .0142
12 .898 .898 .873 .897 .894 .865 .0205 .0197 .0209 .0204 .0188 .0202
24 .887 .873 .862 .886 .856 .860 .0259 .0265 .0279 .0255 .0252 .0274
36 .865 .857 .851 .850 .856 .859 .0282 .0292 .0303 .0270 .0275 .0300
48 .870 .858 .857 .859 .851 .851 .0285 .0293 .0307 .0271 .0281 .0305
60 .861 .877 .869 .857 .870 .867 .0282 .0289 .0307 .0270 .0270 .0301

Shock 3

1 .899 .908 .891 .899 .908 .891 .279 .315 .326 .279 .315 .326
6 .886 .901 .886 .876 .897 .871 1.079 .958 1.005 1.047 .919 .961
12 .883 .907 .878 .868 .890 .872 1.474 1.324 1.391 1.420 1.253 1.334
24 .875 .857 .847 .878 .853 .840 1.747 1.660 1.747 1.709 1.559 1.672
36 .868 .867 .843 .875 .871 .852 1.795 1.680 1.836 1.735 1.590 1.786
48 .887 .881 .871 .898 .895 .886 1.742 1.643 1.816 1.707 1.560 1.763
60 .894 .875 .896 .897 .875 .878 1.760 1.649 1.798 1.678 1.540 1.739

MG CI relative to the HC CI can be attributed to the MG standard error, which appears

to more accurately capture finite-sample estimation uncertainty. Consequently, the MG CI

tends to be longer than the HC CI. When the two CIs achieve comparable coverage, their

lengths are also similar.

The results for the VAR(2) DGP differ strikingly from those for the VAR(1) DGP, even

though both DGPs are fitted to the same dataset as in our designs. Under the VAR(2) DGP,

the HC CI exhibits substantially better overall coverage than under the VAR(1) DGP.

Interestingly, comparing p = 2 (the true lag order) and p = 3 (the true lag order plus

one) shows that lag augmentation produces far less contrast than it does for the VAR(1)

DGP. We conjecture that this pattern extends to higher-order VAR DGPs, consistent with

our theoretical implication that lag augmentation becomes less crucial as the lag order in-
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creases.27 As in the VAR(1) case, under the VAR(2) DGP the MG CI delivers similar or

markedly better coverage than the HC CI across all shocks, lag orders, and horizons. Note

that under the VAR(2) DGP, the MG CI is asymptotically valid for all lag orders considered

(see Remark 8), whereas the HC CI lacks asymptotic justification when p = 2 under both

the stationary and robust frameworks.

When the DGP is VARMA(2,1), among the lag orders considered, the HC CI performs

best at p = 6, while the MG CI favors a smaller lag order, p = 2. Using p = 12 slightly

reduces the coverage for MG CI, with a more pronounced reduction for the HC CI. For shock

1, the HC CI tends to over-cover when p = 2. Similar to the earlier VAR(1) and VAR(2)

results, across all shocks, lag orders, and horizons, the MG CI provides more accurate and

more robust coverage (with respect to lag order choice) than the HC CI.

Results: Bootstrap methods. In our simulations, the asymptotic CIs achieve satis-
factory coverage for shock 1– particularly the MG CIs across all lag orders considered (and

the HC CIs for certain lag choices). However, coverage is generally unsatisfactory, even for

MG CIs, for shocks 2 and 3, especially at medium and long horizons.

The (re-centered) bootstrap procedure improves coverage for both types of CIs, often

substantially so when the asymptotic CIs perform poorly, as shown in Tables 3, 4 (and Table

F2 in on-line Appendix F). For instance, for h ≤ 24, coverage rarely falls below 85% for

either CI under any of the three DGPs. The improvement provided by the bootstrap is

especially pronounced for the HC CI.

When comparing the two bootstrap CIs, the bootstrap MG CI generally delivers more

stable coverage than the bootstrap HC CI, although the difference between them is much

smaller than that observed for their asymptotic counterparts. Some over-coverage remains

for the bootstrap HC CI for shock 1 under the VARMA(2,1) DGP, whereas the bootstrap

MG CI nearly attains nominal coverage. In cases where the two bootstrap CIs exhibit

comparable coverage, the bootstrap MG CI is typically noticeably shorter.

The bias adjustment to the test statistic plays an important role in constructing bootstrap

CIs. Broadly across horizons, the bias adjustment improves coverage accuracy– sometimes

substantially, by nearly 10 percentage points– relative to the unadjusted bootstrap CI. For

example, under the VARMA(2,1) design, Figure 1 illustrates the improved performance

by plotting the coverage rates of unadjusted and re-centered bootstrap CIs (using the MG

standard error) when the lag order p = 12 is employed. For reference, the figure also includes

the coverage rates of the asymptotic MG CIs. With the practical sample size and highly

27Our simulation experience suggests that the case p = 1 is somewhat unique– regardless of the DGP–
often yielding results that become much less pronounced once larger lag orders are used.
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Figure 1: Coverage rates for asymptotic and (unadjusted and recentered) bootstrap CIs with
the MG standard error. The nominal coverage rate is 90%. The DGP is VARMA(2,1), and
p = 12.

persistent data, the re-centered bootstrap CIs achieve actual coverage rates that are close

to the nominal level across a wide range of horizons. The re-centered CI is in general (only

slightly, in many cases) wider than the unadjusted bootstrap CI.

4 Asymptotic theory

We provide the formal theory in this section. Section 4.1 introduces the inferential framework

and key assumptions on the data-generating process, parameter space, and approximation

model. Section 4.2 develops the uniform asymptotic theory for the LP estimator and dis-

cusses a few implications. Section 4.3 establishes the validity of inference based on two

standard errors under alternative assumptions, each implying different forms of robustness.

Neither variance estimator requires kernel-based long-run variance estimation.

Notation. For a matrix, vector, scalar x, we use |x| to denote its Frobenius norm, i.e.,
|x| = [trace(x′x)]1/2. We use C with a decoration (C1, Cu, etc.) to denote a positive constant

that does not depend on the model coeffi cients {a1, a2, · · · , }, the LP lag order p, the horizon
h, or the sample size n. For a symmetric positive semi-definite matrix D, denote λmin(D) and

λmax(D) as its smallest and largest (in magnitude) eigenvalues. Denote diag(x1, · · · , xK) as

the block-diagonal matrix with blocks x1, · · · , xK (not necessarily of the same dimension)

on the diagonal. We write ⊗ for the Kronecker product of matrices and vec(D) for the

column-wise vectorization of the matrix D. We write the K ×K identity matrix as IK .

24



4.1 Data generating process and parameter space

Suppose that the data-generating process (DGP) for the observed series yt follows the K-

dimensional vector autoregression of infinite order (VAR(∞)), yt = %y + Yt, where

Yt
K×1

=
∞∑
j=1

ajYt−j + ut, (10)

with ut a serially uncorrelated shock process. Initial conditions are Yt = 0, for t ≤ 0. Assume

%y = 0 without loss of generality. We can conveniently write (10) as a(L)Yt = ut, where

a(L) = IK −
∑∞

j=1 ajL
j, with L being the lag operator such that LYt = Yt−1.

Write the DGP in the regression form:

yt = %0 +
∞∑
j=1

ajyt−j + ut, (11)

where %0 = (IK−
∑∞

j=1 aj)%
y. The interest is in the horizon-h forecast-error impulse response

matrix β(h), for h ≥ 1, which is (as usual) recursively defined from VAR coeffi cients. Struc-

tural responses obtained through recursive identification will be discussed at the end of this

section. Equivalently, β(h) is identified in the following LP(∞) form (local projection with

infinite lags),

yt+h = %(h) + β(h)yt +
∞∑
`=1

θ`(h)yt−` + ξt(h), (12)

where ξt(h) =
∑h

i=1 β(h− i)ut+i. The form (12) is obtained by recursive substitution in (11).
Write β(h) = [β1(h), · · · , βK(h)]′, then β1(h) contains the regression coeffi cient on yt for the

first entry y1,t+h of the response variable yt+h in the system (12). Let β(0) = IK .

Under stationarity, β(h) coincides with the lag-h coeffi cient matrix of the vector moving

average (VMA(∞)) form of yt. Specifying the DGP in the VAR form (instead of the VMA

form) has the advantage of accommodating both stationary and integrated macro variables.

Focusing on the responses of y1t (to the K shocks in ut), the parameter of interest in this

section is defined as β1(h, µ) =
∑h

j=1 µjβ1(j), for h ≥ 1, where µ = (µ1, · · · , µh)′ is an h-
dimensional nonzero vector of known constants. The inferential framework developed below

applies to linear combinations of all impulse responses (IRs) up to the horizon h, including

level responses and cumulative responses, corresponding to µ set as µIR = (0, · · · , 0, 1)′ and

µCIR = (1, · · · , 1)′, respectively. To reconcile with earlier notation, we write β1(h, µIR) simply

as β1(h). In what follows we use this notational convention by implicitly imposing µ = µIR
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whenever we drop the argument µ, e.g. in π1(h, µ), y1t(h, µ), etc.

We first define the parameter space A of coeffi cients in the model (10), where A =

{a ∈ R∞ : a = vec(a1, a2, · · · )} is a subset of R∞. Define the scalar quantity πk(h, µ),

which determines the convergence rate, by πk(h, µ) =
∑h

i=1 |ϕki|2, for k = 1, · · · , K, where
ϕki =

∑h
j=i µjβk(j − i). The form of ϕki will become clear in the population local projec-

tion regression (13) introduced below. Restrictions on A are imposed through conditions on
impulse response matrices, as stated in Assumption 1.28

Assumption 1. For k = 1, · · · , K and a given µ, (i) supa∈A supi≥0 |βk(i)| ≤ C1; (ii)

supa∈A suph≥1[πk(h, µ)]−1
∑h

i=1 |ϕki| ≤ C2; (iii) supa∈A supN≥2

∑N−1
i=1 |βk(i)−βk(i−1)| ≤ C3.

Assumption 1 is a high-level condition. For illustration, if the DGP follows a scalar

AR(1), the assumption requires |a1| ≤ 1. For an AR(2) process, the assumption can be

satisfied by the reparameterization a(L) = 1− a1L− a2L2 = (1− bL)(1− ρL), where |ρ| ≤ 1

and |b| ≤ 1 − ε, for some constant ε ∈ (0, 1]. Assumption 1 thus rules out explosive roots

(which would violate (i) and (ii)) and integration of order greated than one (which would

violate (iii)) for the data yt.

From a technical perspective, the conditions in Assumption 1 are especially useful for

establishing uniform moment bounds in the asymptotic analysis.

Define y1t(h, µ) =
∑h

j=1 µjy1,t+j. Similarly to (12), and focusing on responses of the first

entry of yt (without loss of generality), we can write

y1t(h, µ) = %1(h, µ) + β1(h, µ)′yt +
∞∑
`=1

θ1`(h, µ)′yt−` + ξ1t(h, µ), (13)

where ξ1t(h, µ) =
∑h

i=1 ϕ
′
1iut+i is the LP(∞) regression error, with ϕ1i being defined earlier.

To estimate β1(h, µ), we run the truncated regression

y1t(h, µ) = %1(h, µ) + β1(h, µ)′yt +

p−1∑
`=1

θ1`(h, µ)′yt−` + η1t(h, µ), (14)

for a chosen model order p. The LP(p) regression error η1t(h, µ) in (14) therefore has the form

η1t(h, µ) =
∑∞

`=p θ1`(h, µ)′yt−` + ξ1t(h, µ). Although we focus here on reduced-form impulse

28Although we allow drifting sequences in the parameter space and permit the horizon and model order
to grow with n, for notational simplicity we do not write ai, p, or h explicitly as functions of n.
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responses, a non-random rotation of β1(h, µ) can be given a structural interpretation; see

Remark 11.

Our inferential framework is valid for a range of model orders p, such that p ≤ p ≤
p, where p and p are two positive integers so that Assumption 2 below holds.29 Besides

controlling bounds on p, Assumption 2 further restricts the coeffi cient parameter space.

While Assumption 1 imposes conditions on all aj, Assumption 2 concerns only the tail

coeffi cients aj, for j ≥ p. For the horizon h in (14), we consider the range 1 ≤ h ≤ h,

where the upper bound h may grow with the sample size. Denote µ = sup1≤h≤h |µ|1, where
|µ|1 =

∑h
j=1 |µj|.

Assumption 2. (i). hµ2p2/n→ 0. (ii). limn→∞ supa∈A pn
1/2
∑∞

j=1 j|ap−1+j| = 0.

Assumption 2(i) restricts the upper bounds p and h. There is an inherent tension between

the ranges of model orders and response horizons; the upper bound on p becomes tighter as

a wider range of horizons is allowed. Assumption 2(ii) regulates the degree of dynamic mis-

specification induced by truncation. Given such an upper bound p, Assumption 2(ii) restricts

the lower bound p; p should be suffi ciently large so that the tail sum supa∈A
∑∞

j=1 j|ap−1+j|
shrinks to zero faster than p−1n−1/2. If the data generating process involves infinite lags,

these conditions require p→∞ so that the (non-local) misspecification bias vanishes.30 As-

sumption 2(ii) may appear strong, but it can be substantially relaxed if we restrict attention

to stationary models (Lewis and Reinsel, 1985, Gonçalves and Kilian, 2007).

If the data yt follow a finite-order VAR(ptrue) model with aptrue 6= 0 and aj = 0 for

j ≥ ptrue +1, Assumption 2(ii) is trivially satisfied whenever p ≥ ptrue +1. In other words, the

lag order need not diverge if the true model is finite-order VAR. We can also consider a locally

misspecified finite-order VAR process, typically modeled by allowing the MA coeffi cients to

shrink toward zero, as in Montiel Olea, et al. (2024). If the local misspecification is only

mild (the MA coeffi cients shrink to zero suffi ciently fast), Assumption 2(ii) remains valid

when p ≥ ptrue + 1, like in the case of correct specification. At the other end, if the local

misspecification is more pronounced (though not as severe as global misspecification in the

nondegenerate VARMA model), p must diverge to eliminate the misspecification bias.31 We

29Onatski and Uhlig (2012) warn of a potential problem with the estimated autoregressive roots when p
is large. The problem does not apply here since our estimation and inference for impulse responses do not
rely on estimating autoregressive roots.
30Assumption 2(ii) is stated for clarity of interpretation rather than being the weakest possible; see the

weaker Assumption 2B in the Supplement which is suffi cient for the asymptotic results developed below.
31In this paper we do not consider long-range dependence generated by fractionally integrated processes.
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next state the assumptions on the shock process ut.

Assumption 3. (i) E(ut|us, s ≤ t− 1) = 0, almost surely (a.s.). (ii). ut is eighth-order

stationary and strong mixing with mixing numbers {α(j) : j ≥ 1}. There exist ζ > 2, ε > 1,

and Cα < ∞, such that α(j) ≤ Cαj
−2ζε/(ζ−2), for all j ≥ 1. [In other words, ut is mixing of

size −2ζ/(ζ − 2)]. (iii). λmin(E(utu
′
t|us, s ≤ t− 1)) ≥ Cλ > 0, a.s. (iv). For ζ defined in (ii),

E|ut|8ζ ≤ Cu <∞.

In Assumption 3, condition (i) assumes that ut is a martingale difference sequence (MDS),

and, in other words, the dynamic model (10) for the conditional expectation of yt is correctly

specified.32 The mixing conditions in (ii) are standard regularity conditions, and they are

used to establish uniform bounds for moments of sums (e.g. in establishing the law of large

numbers for squared sequences to apply the MDS CLT). These conditions are stronger than

strictly necessary.33 The mixing conditions are widely used to control higher-order serial de-

pendence in time series, e.g., Andrews and Guggenberger (2014). These conditions impose

relatively weak restrictions on the variance dynamics, e.g. those generated by stationary

GARCH and stochastic volatility models; see Carrasco and Chen (2002). Although uncondi-

tionally heteroskedastic errors are excluded by the stationarity condition on ut, it should not

affect the inference results presented later in the paper.34 Condition (iii) rules out singular

conditional variances. The moment condition (iv) on ut can be substantially weakened if

stronger assumptions are imposed on the serial dependence of ut, e.g. mean independence

or conditional homoskedasticity.

4.2 Local projection regression

In this subsection we study the asymptotic distribution of the point estimator of β1(h, µ),

and then construct the variance estimators and t-stat based inference procedures in the next

subsection. Throughout the paper, the time series data available to the econometrician are

See Baillie, et al. (2017) for a recent study based on sieve VAR implication.
32Brüggemann, et al. (2016) used a weaker assumption, serially uncorrelated errors, and considered the

inference of a conventional stationary finite-order VAR model.
33An alternative method is to directly impose assumptions on the summability of joint moments of the

sequence {ut}.We find that the approach based on mixing conditions is more intuitive and makes the proofs
relatively transparent.
34The robustness to unconditional heteroskedasticity could be established (at a cost of more complicated

proofs) since, as shown later, the effective regressors in the LP regression are only weakly dependent (although
the data can be highly persistent); c.f. Phillips and Xu (2006).
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indexed by t = 1, · · · , n. Assume that h and p are small enough so that n ≥ 3h+ p− 3. The

LP estimator of β1(h, µ), β̂1(h, µ), a single-step OLS estimator, is obtained by OLS of (14)

(for t = p, · · · , n − h). We assume that the lag order p in the horizon-h regression is the
same across h, so it is not a function of h.

By the partialling-out theorem, β̂1(h, µ) can be rewritten as

β̂1(h, µ) = [

n−h∑
t=p

ût(h)ût(h)′]−1

n−h∑
t=p

ût(h)y1t(h, µ), (15)

where ût(h) is the residualized focal regressor yt, obtained as OLS residuals of the VAR(p−1)

regression (with the intercept) using the data {yt : t = p, · · · , n− h}.
The key insight of the uniform distributional theory for β̂1(h, µ) lies in the fact that the

effective regressor ût(h) asymptotically recovers the true shock ut, as p → ∞ (equivalently,

the controlled lag order p − 1 → ∞) at an appropriate rate, so that the inference based
on the estimator β̂1(h, µ) is not asymptotically affected by the persistence level of the data

yt. This observation was made by MOPM, under the finite-order VAR(ptrue) model, who

achieved such robustness via residualization by proposing the lag-augmented LP regression

(i.e. setting p = ptrue + 1).35

Standard least squares algebra gives that

β̂1(h, µ)− β1(h, µ) = [
n−h∑
t=p

ût(h)ût(h)′]−1

n−h∑
t=p

ût(h)η1t(h, µ). (16)

Before stating the main theorem of the paper, we impose the following assumption.

Assumption 4. Let ∆yt = yt − yt−1. There exists a K × K nonsingular matrix of

constants Q such that

lim
M→∞

lim
n→∞

sup
p≤p≤p

sup
a∈A

P
(
λmin

(
Υ−1
n (p)

∑n
t=p+1 X̃

Q
t−1(p)X̃Q

t−1(p)′Υ−1
n (p)

)
≥ 1/M

)
= 1,

where X̃Q
t−1(1) = ((Qyt−1)′, 1)′ if p = 1, and X̃Q

t−1(p) = ((Qyt−1)′,∆y′t−1, · · · ,∆y′t−p+1, 1)′ if

35In our setting, despite the analytically convenient (and seemingly two-step) form (15), the estimator
β̂1(h, µ) is in fact only one-step, OLS of (14). Breitung and Brüggemann (2023) study a more general
projection-type estimator, formulated in two steps, the first of which estimates the shock that may need
external information outside the VAR system. Also see their discussions, in a more structural setting, on
how this first step (in our setting, the implicit partialling-out step) plays a key role in achieving the robustness
to nonstationary data and also in simplifying the inference.
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p ≥ 2, Υn(p) = (n−p)1/2diag(ΠQ(n)1/2, IK , · · · , IK︸ ︷︷ ︸
p−1 times

, 1), withΠQ(n) = diag{πQ1 (n), · · · , πQK(n)},

πQk (n) =
∑n−1

i=0 |Q′kβ(i)|2, and Q′k being the k-th row of Q, for k = 1, · · · , K.

The eigenvalue condition in Assumption 4 is a rather technical but weak assumption

on the DGP.36 The intuition is analogous to that of the standard assumption which rules

out asymptotically collinear “regressors”. Note that the “regressors” in Assumption 4 are

written in the augmented-Dickey-Fuller form so that the fast rate induced by potentially

highly persistent data can be captured. If some component of yt is integrated, cointegration

of the system yt of unknown rank is allowed by Assumption 4, thanks to the flexibility offered

by the rotation matrix Q. If cointegration does not exist, Q is simply IK . The presence of

Q in Assumption 4 is crucial if there is non-trivial cointegration (i.e. the cointegration rank

is strictly between 0 and K).37 We now establish the asymptotic normality of ν ′1β̂1(h, µ),

where ν1 is a known nonzero K × 1 vector.

Theorem 1. Let π1(h, µ) =
∑h

i=1 |ϕ1i|2, where ϕ1i =
∑h

j=i µjβ1(j − i), and

V = ν ′1Σ−1Var
(

(n− h− p+ 1)−1
∑n−h

t=p utξ1t(h, µ)
)

Σ−1ν1 > 0,

where Σ = Eutu
′
t > 0. Suppose that Assumptions 1, 2, 3 and 4 hold. Then

lim
n→∞

sup
x∈R

sup
p≤p≤p

sup
1≤h≤h

sup
a∈A

∣∣∣P(V −1/2[ν ′1β̂1(h, µ)− ν ′1β1(h, µ)] ≤ x
)
− Φ(x)

∣∣∣ = 0, (17)

where Φ(·) is the standard normal cumulative distribution function. Moreover,

CV ≤ π1(h, µ)−1(n− h− p+ 1)V ≤ CV , (18)

for two positive constants CV and CV .

The proof of Theorem 1 is given in on-line Appendix A.

Remark 1 (Convergence rate). Theorem 1 shows that the pointwise convergence rate

36MOPM also use a similar technical assumption (their assumption 3), which is argued as necessary for
their uniform inference results. See also Montiel Olea and Plagborg-Møller (2022).
37The framwork of Montiel Olea and Plagborg-Møller (2021) allows some variables in yt to be stationary

and others to have unit roots. If all variables in yt have unit roots, they model the first-order difference of
yt as the finite-order VAR, thereby ruling out non-trivial cointegration among yt.

30



(determined by the asymptotic variance V ) is π1(h, µ)−1/2n1/2, which depends on the de-

gree of data persistence, the forecast horizon, and linear combination coeffi cients µ. The

convergence rate for the cumulated response estimator is generally slower than that of

the level response estimator. For example, if yt follows an AR(1) process, the rates are

(
∑h−1

i=0 a
2i
1 )−1/2n1/2 and (

∑h
i=1(
∑h−i

j=0 |a1|j)2)−1/2n1/2, respectively. Under stationarity |a1| <
1, both the level and cumulated response estimators achieve the standard n1/2 rate, even

when h is allowed to increase with the sample size. When the data are highly persistent

(a1 → 1), the cumulative effects across horizons become dominant. Without assuming sta-

tionarity, the uniform convergence rates over the parameter space |a1| ≤ 1 are h−1/2n1/2

and h−3/2n1/2 for level and cumulated response estimators, respectively. Section 4.3 provides

practical methods for estimating the asymptotic variance V .

Remark 2 (Finite-order DGP and finite p). Under a finite-order VAR data-generating
process and a finite p, MOPM established a uniform asymptotic theory for the level response

estimator. Specialized to the framework of MOPM, Theorem 1 extends their theory by

incorporating a more general form of the asymptotic variance, whose validity does not rely

on mean-independent shocks and thus accommodates general MDS shocks.

Remark 3 (Conditions on the lag order). For fixed horizons we only require p2/n →
0 (Assumption 2(i)). Under stronger assumptions on data dependence (stationarity) and

sometimes on shocks, the existing asymptotic theory for VAR-implied impulse response

estimators often assumes a more stringent restriction on the lag order, p3/n → 0. This

restriction arises from the joint limit theory for slope matrices of all p lags of VAR model

(Lewis and Reinsel, 1985, Gonçalves and Kilian, 2007), whereas our LP approach estimates

only a single slope matrix– the coeffi cient matrix on yt– and treats the remaining p− 1 lags

as control variables.

For asymptotic pivotalness of test statistics, it typically assumes p4/n → 0 even under

stationarity (Gonçalves and Kilian, 2007, theorem 2.2) for VAR-implied estimators. The

alternative LP-based estimator proposed by Lusompa (2022) likewise requires p4/n→ 0 for

his asymptotic theory under stationarity.

Remark 4 (Asymptotic variance). Theorem 1 holds under both (correctly specified)

finite-order VAR and VAR(∞) models. Hence, in either asymptotic framework, the LP esti-
mator exhibits the same form of asymptotic variance. This contrasts with the VAR-recursive

impulse response estimator, whose asymptotic variance differs across the two asymptotic

frameworks (Kilian and Lütkepohl, 2017, chapter 12.1.3). This discontinuity introduces a

degree of subjectivity in choosing the asymptotic framework when the variance estimator
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relies on the explicit analytical form of the asymptotic variance (e.g. as in Kilian and Lütke-

pohl, 2017, p. 338).38

Remark 5 (Martingale representation of the score). The key tool used in the proof of
Theorem 1 is a martingale representation. Examining (16), and neglecting terms of smaller

order, the (effective) score
∑n−h

t=p utξ1t(h, µ) which plays a central role in the asymptotic

theory can be expressed as (see Lemma MART in Appendix A for a more general form)

n−h∑
t=p

utξ1t(h, µ) =

n∑
t=p+1

wt, (19)

where wt =
[∑h

i=1 I{p≤t−i≤n−h}ut−iϕ′1i
]
ut. The advantage of the representation (19) is that,

although score contributions utξ1t(h, µ) are generally autocorrelated, the transformed sum-

mands wt form (conditionally and unconditionally heteroskedastic) martingale differences

with respect to their natural filtration, given that ut is assumed to be an MDS. This repre-

sentation enables the direct application of the martingale central limit theorem (CLT).

The approach of MOPM, in a more restricted setting, works directly with the raw (un-

transformed) score. To apply the CLT their method relies on a reverse-time argument,

which consequentially requires shocks to be mean-independent of the future (in addition to

the past), that is, E(ut|us, s ≥ t + 1) = 0, a.s. Eliminating such a full mean-independence

assumption– though practically appealing– introduces additional technical challenges, re-

quiring more involved uniform moment bound calculations in the proofs (see Appendix S1

in the Supplement).

Although the equality (19) is purely an algebraic rearrangement, it has deeper theoretical

roots. The technique is closely related to the classical approach used to derive central

limit theorems for stationary and serially correlated sequences, which one might, at least

mechanically, apply to the score contributions utξ1t(h, µ) in our context (but we do not). A

general version of this approach is due to Gordin (1969), in which a martingale approximation

plays a central role.39 Adapting this tool to the score contributions utξ1t(h, µ) yields the exact

representation (19), rather than an approximation, owing to the moving-average structure of

the LP(∞) error term ξ1t(h, µ).40 We next demonstrate that this representation is not merely

38We note that certain VAR-based inference methods avoid this discontinuity, as they are implemented
using the conventional variance estimator or the bootstrap (Gonçalves and Kilian, 2004, 2007).
39See Beveridge and Nelson (1981), Phillips and Solo (1992), Wu and Woodroofe (2004), and Cuny and

Merlevède (2014) for applications and further developments of the martingale approximation method.
40See Xu (2020b) for an earlier application of the martingale score representation in multiple-period return

predictive regression, and the relation to the well-known Hodrick (1992) standard error in empirical asset
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a technical trick but also provides the foundation for a new standard error construction.

4.3 A tale of two standard errors

To estimate the asymptotic variance V and construct test statistics for inference, het-

eroskedasticity and autocorrelation robust methods naturally arise (see Herbst and Jo-

hannsen, 2024, for related discussions in the LP context). In what follows, we consider

two alternative approaches.

The first variance estimator for ν ′1β̂1(h, µ) is of the Eicker-Huber-White type, introduced

by Montiel Olea and Plagborg-Møller (2021),

V̂HC = (n− h− p+ 1)−2ν ′1Σ̂(h)−1 ·
[∑n−h

t=p η̂1t(h, µ)2ût(h)ût(h)′
]
· Σ̂(h)−1ν1,

where η̂1t(h, µ) is the OLS residual of (14), and Σ̂(h) = (n− h− p+ 1)−1
∑n−h

t=p ût(h)ût(h)′.

We study V̂HC under the general framework introduced in Section 4.1. It turns out that V̂HC
can recover V asymptotically even for regression (14) with serially dependent errors, but only

when such serial dependence does not induce serial correlation in the score contributions–

the latter potentially arising from conditional heteroskedasticity of unknown form. There-

fore, although the variance estimator V̂HC is remarkably simple and robust, it is not truly

“heteroskedasticity-consistent (HC)”for horizons h ≥ 2 (unlike the case h = 1), even though

the notation retains the conventional HC subscript.

The t-statistic using the variance estimator V̂HC is constructed as ŜHC = V̂
−1/2
HC [ν ′1β̂1(h, µ)−

ν ′1β1(h, µ)]. The following theorem describes the asymptotic behavior of ŜHC under the

VAR(∞) model.

Theorem 2. Suppose that Assumptions 1, 2, 3 and 4 hold. Then

lim
n→∞

sup
x∈R

sup
p≤p≤p

sup
1≤h≤h

sup
a∈A

∣∣∣P((VHC/V )1/2ŜHC ≤ x
)
− Φ(x)

∣∣∣ = 0,

where VHC = (n− h− p+ 1)−2ν ′1Σ−1
∑n−h

t=p Eutu
′
tξ1t(h, µ)2Σ−1ν1.

The proof of Theorem 2 is given in on-line Appendix B. Theorem 2 shows that the con-

sistency of the variance estimator V̂HC clearly requires the equality Var(
∑n−h

t=p utξ1t(h, µ)) =∑n−h
t=p Eξ1t(h, µ)2utu

′
t, which holds under the following Assumption 5.

pricing; see also West (1997).
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Assumption 5. The process {utξ1t(h, µ), t = 1, 2, · · · } is serially uncorrelated.

Assumption 5 is implied by– and is therefore weaker than– commonly used assumptions

on ut such as conditional homoskedasticity or mean independence. Assumption 5 is relatively

straightforward to verify empirically.

To provide concrete examples, consider a simple MDS ut = etet−1, where et is I.I.D.

(independent and identically distributed) with zero mean, unit variance and Ee3
t 6= 0. Simple

calculations show that Cov(ut, u
2
t+1u

2
t−1) = (Ee3

t )
2 6= 0. Thus ut violates mean independence,

which by definition requires ut to be uncorrelated with any measurable function of random

variables in the set {us : s 6= t}. Nevertheless, in this example the process utξt(h, µ) remains

serially uncorrelated, so Assumption 5 continues to hold.

Assumption 5 can, however, be violated. Consider a slightly modified example: the MDS

ut = et|et−1|, where et is the same as in the previous example. In this case, it can be shown
that the process utξt(h, µ) exhibits serial correlation. This example serves as a simplified

representation of an MDS with GARCH-type or stochastic volatility dynamics, which typi-

cally violate Assumption 5 when the innovation has a nonzero third moment. Nonzero– and

even time-varying– third moments are frequently observed in empirical applications (Hansen,

1994, Conrad et al., 2013, Colacito et al., 2016).

To derive lower-level conditions for Assumption 5, denote score contributions as st(h, µ) =

utξ1t(h, µ). The corresponding autocovariance matrices of st(h, µ) are given by Est(h, µ)st−j(h, µ)′ =∑h
i=j+1 E[ut+ju

′
tϕ
′
1iut+iu

′
t+iϕ1,i−j], if 1 ≤ j ≤ h−1, and equal to zero for j ≥ h. Although the

score contributions are serially uncorrelated beyond h−1 lags, the autocorrelations can play

a role at smaller lags. Assumption 6 below imposes restrictions directly on the fourth joint

cumulants of ut, which are suffi cient to ensure Assumption 5 holds for all horizons h ≥ 1.

Assumption 6. Let ut = (u1t, · · · , uKt)′. Assume that Eut−iu
′
t−juk1tuk2t = 0 for i > j >

0 and k1, k2 = 1, · · · , K.

Like Assumption 5, Assumption 6 is weaker than imposing conditional homoskedasticity

or future mean independence on ut. The scalar version of this assumption has appeared

in earlier studies to ensure valid inference in various time series contexts (e.g., Deo, 2000,

condition A(vii)). Gonçalves and Kilian (2004, Assumption A’(iv’)) show that a simliar

condition is necessary for the validity of the recursive wild bootstrap applied to coeffi cient-
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based statistics in stationary AR models under conditional heteroskedasticity. Kuersteiner

(2002, Assumption A2(iii)) also employs this condition in constructing optimal instruments

for AR models.

We now propose a new standard error that does not rely on Assumption 5. By the

martingale representation (19), we have Var
(∑n−h

t=p utξ1t(h, µ)
)

=
∑n

t=p+1 Ewtw
′
t. This key

identity motivates the following martingale (MG) variance estimator of V ,

V̂ = (n− h− p+ 1)−2ν ′1Σ̂(h)−1
(∑n

t=p+1 ŵtŵ
′
t

)
Σ̂(h)−1ν1, (20)

where ŵt = [
∑h

i=1 I{p≤t−i≤n−h}ût−i(h)ϕ̃′1i]ũt and ϕ̃1i =
∑h

j=i µjβ̃1(j− i). In (20), β̃1(i) and ũt
denote preliminary estimates of β1(i) and ut, respectively, and both estimates are required

to converge suffi ciently fast so that Assumption 7 below is satisfied.

Assumption 7. The preliminary estimates β̃1(i) and ũt in (20) satisfy

(i) limn→∞ sup
p≤p≤p

sup
1≤h≤h

sup
a∈A

P
(
hπ1(h, µ)−1

∑h
i=1 |ϕ̃1i − ϕ1i|2 > M

)
= 0, for all M > 0;

(ii) limM→∞ limn→∞ sup
p≤p≤p

sup
a∈A

P
(
p−2

∑n
t=p+1 |ũt − ut|2 > M

)
= 0.

For an example of β̃1(i), suppose that our primary interest lies in the level impulse re-

sponse (µ = µIR). Consider the LP estimator for β̃1(i). Theorem 1 shows that
∑h−1

i=0 |β̃1(i)−
β1(i)|2 = Op(n

−1
∑h−1

i=0 π1(i)), thus Assumption 7 (i) is satisfied provided h2/n → 0. The

fitted errors ũt can be obtained as the residuals from the OLS VAR(p) regression (including

an intercept). The following result establishes the uniform validity of inference based on the

proposed variance estimator V̂ .

Theorem 3. Suppose that Assumptions 1, 2, 3, 4 and 7 hold. Let Ŝ = V̂ −1/2[ν ′1β̂1(h, µ)−
ν ′1β1(h, µ)]. Then limn→∞ sup

x∈R
sup
p≤p≤p

sup
1≤h≤h

sup
a∈A

∣∣∣P(Ŝ ≤ x)− Φ(x)
∣∣∣ = 0.

The proof of Theorem 3 is provided in on-line Appendix C.

Remark 6 (Negligibility). Theorem 3 shows that estimation of unknown parameters

in the asymptotic variance of β̂1(h, µ) has asymptotically negligible effects on the inference

based on V̂ (provided Assumption 7 holds). This result contrasts with the effect of using these

estimates in constructing the point estimator itself, as shown in online Appendix D, which
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generally has nontrivial– and typically inflationary– effects on the asymptotic variance.

Remark 7 (Cross equations). The MG variance estimator V̂ can be extended to conduct
inference on cross-equation restrictions. Such restrictions are particularly useful when em-

pirical researchers seek to assess the joint responses of multiple macroeconomic variables to

a common shock. The parameter of interest is the response matrix β(h, µ) =
∑h

j=1 µjβ(j),

which can be estimated by OLS on the regression (14) for each response variable ykt(h, µ),

where k = 1, · · · , K.Denote the estimator as β̂(h, µ) =
∑n−h

t=p yt(h, µ)ût(h)′[
∑n−h

t=p ût(h)ût(h)′]−1,

where yt(h, µ) = (y1t(h, µ), · · · , yKt(h, µ))′. Let ν be a dν×K2 matrix of constants. To draw

inference for the dν × 1 vector νvec(β(h, µ)), we can construct the MG variance matrix

estimator Ω̂ as

Ω̂ = (n− h− p+ 1)−2ν(Σ̂(h)−1 ⊗ IK)
(∑n

t=p+1 ŴtŴ
′
t

)
(Σ̂(h)−1 ⊗ IK)ν ′, (21)

where Ŵt = [
∑h

i=1 I{p≤t−i≤n−h}(ût−i(h)⊗IK)ϕ̃i]ũt, ϕ̃i = (ϕ̃1i, · · · , ϕ̃Ki)′ and ϕ̃ki =
∑h

j=i µjβ̃k(j−
i), for k = 1, · · · , K, with β̃k(j) and ũt denoting preliminary estimates. The corresponding
Wald statistic is {νvec[β̂(h, µ)−β(h, µ)]}′Ω̂−1νvec[β̂(h, µ)−β(h, µ)]. If νvec(β(h, µ)) reduces

to the scalar ν ′1β1(h, µ) for some K-dimensional vector ν1, the Wald statistic simplifies to

the square of Ŝ defined in Theorem 3.

Remark 8 (Finite-order models and lag augmentation). In the literature it is often
assumed that the data follow a VAR process with a finite number ptrue of lags. Under such

finite-order VAR model, Assumption 2(ii) requires lag augmentation, p ≥ ptrue+1.While this

assumption is essential for the consistency of V̂HC , it can be relaxed to p ≥ ptrue– meaning

that lag augmentation is unnecessary – for the validity of the MG variance estimator V̂ ,

provided that at least one lagged control is included in the LP regression (14) (i.e. p ≥ 2).

To illustrate, let Rt be the (population) regression residual of yt on yt−1, · · · , yt−p+1 and

a constant. Requiring p ≥ 2 guarantees that for inference of β1(h, µ), the effective regressor

Rt in the local projection regression (14) is stationary, provided yt is not integrated or nearly

integrated of order two or higher (Assumption 1). The condition p ≥ 2 essentially requires

the presence of control variables in the regression. The effective regression score is now∑n−h
t=p Rtξ1t(h, µ), and importantly, Rt 6= ut if we set p = ptrue and the model is VAR(ptrue)

(i.e. aptrue 6= 0). Note that the martingale representation (19) holds algebraically, which

now becomes
∑n−h

t=p Rtξ1t(h, µ) =
∑n

t=p+1w
R
t , with w

R
t = (

∑h
i=1 I{p≤t−i≤n−h}Rt−iϕ

′
1i)ut. The

key argument justifying the MG variance estimator V̂ still applies, even though Rt does not

recover the shock ut: wRt is an MDS as long as ut is an MDS, since Rt depends only on current
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and past values of ut. We thus continue to have the equality Var
(∑n−h

t=p Rtξ1t(h, µ)
)

=∑n
t=p+1 EwRt w

R′
t , which underlies the validity of the MG variance estimator V̂ .

In contrast, as shown by MOPM, lag augmentation is crucial for the validity of V̂HC .

Without lag augmentation, Rt is not white noise, leading to non-zero serial correlation in

Rtξ1t(h, µ) (even if ut satisfies full mean independence). Consequently, Var(
∑n−h

t=p Rtξ1t(h, µ)) 6=∑n−h
t=p ERtR

′
tξ1t(h, µ)2, thereby invalidating the variance estimator V̂HC and distorting infer-

ence based on ŜHC .

Remark 9. Throughout the analysis, the system dimension K is assumed to be fixed.

AllowingK to grow slowly with the sample size is possible, preserving the asymptotic validity

of inference based on ŜHC and Ŝ, though it may require stronger assumptions (e.g., restricted

horizons) and more complex proofs. Inference becomes challenging when K is large enough

that Kp is of similar magnitude to n, even for fixed h. Cattaneo et al. (2018) show that

in random-sampling settings, the standard HC variance estimator can be inconsistent when

the number of covariates is of the same order as the sample size, and propose a dimension-

robust alternative. Extending such ideas to large macro systems in our robust inference

setting would be an interesting direction for future research.

Remark 10. We focus on impulse responses at a single horizon. Joint inference across
multiple (fixed) horizons can be obtained by extending our single-horizon arguments–

typically implemented in the visually intuitive form of a confidence band. This involves

(i) establishing a joint Gaussian limit and estimating the variance matrix using one of our

proposed methods, and (ii) constructing the band using the sup-t critical value of Montiel

Olea and Plagborg-Møller (2019). Nevertheless, extending this to a growing set of horizons–

subject only to the conditions in this paper– poses nontrivial challenges and merits further

study.

Remark 11 (Structural responses). While our analysis focuses on reduced-form impulse
responses, one can construct the MG standard error for the corresponding structural response

identified through recursive zero restrictions.41 Write the reduced-form error variance matrix

Σ as Σ = PΣdiagP
′, where P is the K × K lower-triangular matrix of structural impact

multipliers, and Σdiag is a K × K diagonal matrix. All diagonal entries of P and Σdiag

are assumed to be positive. We distinguish between the unit effect (which sets all diagonal

entries of P to one while leaving Σdiag otherwise unrestricted; see Plagborg-Møller and Wolf,

2021, and Montiel Olea, et al., 2024, for LPs) and the unit-standard-deviation effect (which

imposes Σdiag = IK while leaving the diagonal entries of P otherwise unrestricted; see Jordà,

41The recursive identification scheme is widely used; see Kilian, et al. (2025) for a recent discussion.
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2005). This factorization can be obtained (directly or after transformation) via the Cholesky

decomposition of Σ. Denote P = P (Σ) to emphasize that P is a smooth function Σ.

Let Pj0 denote the j0-th column of P. One may be interested in γ1j0(h, µ) = β1(h, µ)′Pj0 ,

for h ≥ 1. This object can be interpreted as the (level or cumulated, depending on the

specification of µ) impulse response of the first outcome variable to the j0-th of the structural

shocks in P−1ut, which may or may not be normalized to have unit variance. As mentioned

above, Pj0 is a smooth function of Σ, so write Pj0 = Pj0(Σ). Under the recursive design, the

first j0−1 entries of Pj0 are zero. Let Σ̂ = (n−p)−1
∑n−1

t=p ûtû
′
t, where ût is the LP regression

residual for h = 1. The estimator of γ1j0(h, µ) is γ̂1j0(h, µ) = β̂1(h, µ)′P̂j0 , where β̂1(h, µ) is

the LP estimator defined in (15), and P̂j0 = Pj0(Σ̂). Under the recursive design, P̂ can be

obtained from the Cholesky decomposition of Σ̂.

To obtain the MG standard error for γ̂1j0(h, µ), let vech be the half-vectorization operator

of the variance matrix Σ and denote∇Pj0 =
∂Pj0 (Σ)

∂vech(Σ)′ , which depends only on Σ and constants

(like zeros and ones).42 Assume ∇Pj0 6= 0. Define ψ̂t
K0×1

=

(
ŵt

vech(ûtû
′
t − Σ̂)

)
, for t =

p + 1, · · · , n, where ŵt is defined in (20) and K0 = K + K(K + 1)/2. The MG variance

estimator for γ̂1j0(h, µ) is obtained via the delta method as V̂ = Λ̂′Ξ̂L̂RV(ψ̂t, J)Ξ̂Λ̂ where,

Λ̂
K0×1

=

(
P̂j0

(∇̂Pj0)′β̂1(h, µ)

)
, Ξ̂

K0×K0

=

(
[
∑n−h

t=p ût(h)ût(h)′]−1 0

0 IK(K+1)/2

)
,

L̂RV(ψ̂t, J)
K0×K0

= Γ̂0 +

n−p−1∑
i=1

K(i/J)(Γ̂i + Γ̂′i), Γ̂i =
n∑

t=p+1+i

ψ̂tψ̂
′
t−i,

with ∇̂Pj0 =
∂Pj0 (Σ̂)

∂vech(Σ)′ . In the long-run variance matrix estimator L̂RV(ψ̂t, J), practitioners

must specify the kernel function K(·) and the truncation parameter J ; their selection can

follow the recommendations of Andrews (1991). The HAC-type (heteroskedasticity and

autocorrelation consistent) long-run variance matrix estimator is generally required for valid

inference on structural responses under general conditional heteroskedasticity.

Inference on structural responses can be greatly simplified if ∇Pj0 = 0; in that case,

the HAC long-run variance matrix estimator described above is unnecessary. When this

condition holds, Pj0 is a vector of constants. Focusing on the first outcome variable in

yt, our inference results in Theorems 2 and 3 apply directly when ν1 = Pj0 . An especially

42The expression for ∇Pj0 can be found in standard textbooks. For example, if the unit-standard-deviation
effect is of interest, ∇Pj0 is formed by the [K(j0 − 1) + 1]-th to the (Kj0)-th rows of the matrix denoted as
H in Lütkepohl (2005, page 111).
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interesting case arises for the response of yi,t+h, where 1 ≤ i ≤ K, to the last structural

shock (the K-th entry of P−1ut) under the unit-effect normalization, when the shocks are

correctly ordered under the recursive identification scheme. In this case, having j0 = K and

Pj0 = (0, · · · , 0, 1)′, structural and reduced-form responses coincide, and all impact responses

are zero except that of yKt (which equals one). For example, letting i = 1, for h ≥ 1, the

structural response of y1,t+h is given by the coeffi cient on yKt in the local projection regression

(14).

5 Concluding remarks

Local projections are straightforward to implement. Recent research also highlights their

advantages in conducting inference on impulse responses relative to alternative methods,

particularly in terms of achieving uniform validity. This paper contributes to the literature

by showing that, in realistic settings, local projections can be more effi cient than previ-

ously recognized. In fact, under classical assumptions of stationarity and homoskedastic

martingale-difference shocks, LPs can be among the most effi cient estimators of impulse

responses when the controlled lag order diverges.

Using a large number of lags is also practically justified, as finite-order VAR models are

best viewed as approximations to the true data-generating processes implied by structural

macroeconomic models. In this paper, we analyze the asymptotic properties of LP regressions

and propose new inference methods that allow researchers to remain relatively agnostic about

the degree of persistence and the nature of heteroskedasticity in the data.

We have discussed several potential extensions, and a few additional ones merit con-

sideration. First, this paper establishes the asymptotic equivalence between the sieve LP

and sieve VAR estimators under classical assumptions on the data-generating process. To

examine whether this equivalence extends to settings with more realistic data features, a

more general asymptotic theory for the sieve VAR estimator– particularly a closed-form ex-

pression for its asymptotic variance– is required. Some progress in this direction is reported

in Xu (2025). Second, we focus on the simple OLS estimator due to its widespread prac-

tical use. However, a broader class of estimators– especially those based on shrinkage or

machine learning methods– could be explored to accommodate higher-dimensional settings

with many regressors. While related studies exist, as noted in the introduction, issues of

uniform validity and robust inference remain open. Third, the framework developed here

can be extended to a wider class of structural models and to panel data settings, building
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on the results presented in this paper.

Data Availability Statement

The MATLAB code for implementation and replication of the simulation results is available

on Zenodo at https://dx.doi.org/10.5281/zenodo.18864155.
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