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1 Introduction

Network models have attracted considerable attention as tractable representations
of non-market interactions, such as peer effects and social learning, and of economic
relationships, such as financial and trade networks. The economic perspective on
networks emphasizes the importance of strategic interactions or externalities (Jack-
son et al., 2021). One strand of the literature studies social interactions, how an
individual’s behavior interacts with those of her social contacts. A second strand
studies network formation, why an individual chooses particular social contacts, and
how their choices affect those of others. In both cases, externalities generate a wedge
between choices that are optimal from the individual’s perspective and those that are
efficient for society. This has important consequences for policymaking, for instance
motivating policies of “associational redistribution” that intervene on the network
structure (Durlauf, 1996). However, when preferences are misaligned with the policy
objective, the endogenous response to a policy intervention may diverge from the in-
tended outcome (Carrell et al., 2013). It is therefore of interest to develop econometric
methodologies for measuring network externalities.

The focus of our paper is models of network formation, which have diverse ap-
plications ranging from risk sharing in the rural Philippines (Fafchamps and Gubert,
2007) to research partnerships in the biotechnology industry (Powell et al., 2005).
They can be used to distinguish between different theoretical mechanisms for link
formation, including preferential attachment (Barabasi and Albert, 1999), strategic
transitivity (Mele, 2022; Ridder and Sheng, 2022), and homophily (McPherson et al.,
2001). They enable policymakers to forecast the effects of counterfactual interven-
tions on a social network (Mele, 2020) and to account for dependence between the
network and unobservables of a social interactions model (Badev, 2021).

We augment a class of latent space (Hoff et al., 2002) and geometric graph (Penrose
and Yukich, 2003) models with strategic interactions. In such models, nodes are
positioned in a possibly latent social or economic space such that the rate of link
formation decays with distance in space. However, due to strategic interactions, link
formation depends not only on the attributes of the node pair involved in the link
but also on links between other pairs. This induces a non-standard form of cross-
sectional dependence between network units. The challenge for large-sample theory

lies in establishing conditions under which the “amount of independent information”
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increases with the network size.

We establish a CLT for a large class of network moments computed from a single
large network. The moments are averages of node-level statistics n=' " | 1;, where
1; is some function of the network and node types. Examples include the degree of
node ¢, which is the number of links involving 7; the average clustering coefficient; and
subnetwork counts which have been utilized for inference in econometric models of
network formation (Sheng, 2020). We discuss practical inference procedures justified
by the result.

We emphasize two technical contributions. The first is an abstract CLT that holds
under high-level conditions, which is an extension of limit theorems from the literature
on geometric graphs (e.g. Penrose, 2007). The key condition is a modification of
“stabilization” assumptions from that literature that provide a useful formulation of
weak dependence for our purposes. Stabilization essentially requires ¢; to only be a
function of a random subset of nodes whose size has a distribution with exponential
tails. This implies that the size is asymptotically bounded, so node i’s statistic only
depends on a small fraction of alters. In this sense, {1;}"; is weakly dependent.

In our applications, this random subset involves a union of network components,
which are disconnected subnetworks that are challenging combinatorial objects to
analyze (a formal definition is provided at the end of this section). Our primary
contribution is to develop a methodology for deriving the tail bounds required for
stabilization. We employ techniques from branching process theory commonly used
to bound component sizes in the literature on random graphs. Using the methodology;,
we derive interpretable primitive sufficient conditions for stabilization in models of
strategic network formation.

One of the main conditions restricts the strength of strategic interactions. These
induce cross-sectional dependence since the realization of a link can depend on the
existence of “neighboring” links, which in turn can depend on other links, and so on.
The longer the lengths of these chains of dependent links, the stronger the degree of
cross-sectional dependence. We adopt a well-known technique in random graph the-
ory to bound the lengths of these chains by branching processes whose sizes can more
tractably be proven to have exponential tails, provided the processes are “subcritical”
or non-explosive in growth. We argue that conditions for subcriticality in our context
are analogous to weak dependence conditions imposed on spatial and temporal au-

toregressive models that bound the magnitude of the autoregressive parameter below
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one.

The other main condition is a restriction on the equilibrium selection mechanism.
Even if strategic interactions are sufficiently weak, strong cross-sectional dependence
may exist if nodes can globally “coordinate” on the equilibrium network through a
common signal such as the type of a particular node. We instead require equilibrium
selection to be sufficiently “decentralized,” which holds for instance under myopic best-
response dynamics. This is the single-network analog of the usual requirement under
many-network asymptotics that equilibrium selection is independent across networks.

A growing literature studies frequentist inference in network formation models
when the econometrician observes a single network. Leung (2019b) and Menzel (2024)
develop laws of large numbers for models of strategic network formation. The former
paper modifies a weaker stabilization condition due to Penrose and Yukich (2003) and
uses branching processes to derive primitive sufficient conditions. Our paper tackles
the more difficult problem of obtaining a normal approximation, which naturally re-
quires a stronger stabilization condition, and discusses practical inference procedures
newly justified by the result. We prove the CLT by adapting results from the litera-
ture on geometric graphs (Penrose and Yukich, 2008; Penrose, 2007); a more detailed
discussion of our contributions relative to this literature can be found in §3.3. Kuer-
steiner (2019) takes a different approach, using a novel conditional mixingale type
assumption defined in terms of a random metric of distance.

Leung (2015) and Ridder and Sheng (2022) study strategic network formation
under incomplete information. In this setting, links are independent conditional on
observables, whereas the models we study can be microfounded as games of complete
information. These allow for unobserved heterogeneity, which generates dependence
between potential links even conditional on observables.

Charbonneau (2017), Dzemski (2019), Graham (2017), and Jochmans (2018) con-
sider dyadic link formation models without strategic interactions but allow for node-
level fixed effects. A large literature in statistics studies models without strategic
interactions, for example stochastic block models (Bickel et al., 2011) and latent-
space models (Hoff et al., 2002). These are useful for their parsimony and tasks
such as community detection. Chandrasekhar and Jackson (2021) and Boucher and
Mourifié (2017) study statistical models allowing for interdependence between links.

Kojevnikov et al. (2021) prove a CLT for node-level data conditional on the net-

work. This does not apply to network formation models since the network is the
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outcome. We prove an unconditional CLT that may be applied to network formation
as well as network processes (Leung, 2019a).

The next section presents a model of strategic network formation and defines
network moments. In §3, we state high-level conditions for a CLT and outline its
proof. Readers interested in the low-level CLT for strategic network formation may
skip §3 for §4, which presents primitive sufficient conditions. We also outline a gen-
eral methodology for verifying the high-level condition that can be applied to other
network models. In §5, we discuss practical inference procedures. We present re-
sults from a simulation study in §6, and §7 concludes. Proofs can be found in the
supplemental appendix.

We introduce standard notation and terminology for networks. We represent a
network on a set of n nodes by an n x n adjacency matrix, where the 7jth entry A;;,
termed the potential link, is an indicator for whether nodes ¢, are connected. We
assume A; = 0 for all nodes i, meaning that there are no self-links, and we focus
on undirected networks, so A;; = Aj;. For two networks A, A’, we say that A is a
subnetwork of A’ if every link in A is a link in A’. A path in a network from node i
to 7 is a sequence of distinct nodes starting with ¢ and ending with j such that for
each consecutive node pair k, k" in this sequence, Ay = 1. Its length is the number
of links it involves. The path distance between two nodes i # j in A is the length
of the shortest path that connects them if a path exists and oo otherwise. The path
distance between a node and itself is defined as zero. The K -neighborhood of a node
i in A, denoted by N4 (i, K), is the set of nodes of path distance at most K from i.
Finally the component of a node 7 in a network A is the set of nodes at finite path

distance from 1.

2 Model

Let N,, = {1,...,n} be a set of nodes, and endow each i € N,, with an i.i.d. vector-
valued type (X;,7;) € R? x R%. We distinguish X; as the position of node i, a
continuously distributed vector of homophilous (defined below) attributes with density
f that has bounded support. Endow each node pair (7,7) with an ii.d. R-valued
random utility shock (;; = (;; independent of types.
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The network A satisfies, for all ¢ # j,
Ay =1{V;; >0} for Vi = V(' 1Xs = X1l S5, Zis Z5, Gig), (1)

where the joint-surplus function V(-) is an R-valued function, ||-|| a norm on R?, and
S;; a vector of statistics that captures strategic interactions through its dependence
on A. As discussed below, the sparsity of A will in part be determined by the posi-
tive constant r,. Model (1) corresponds to the well-known pairwise-stability solution

concept under transferable utility (Jackson, 2010).
Example 1. Consider the linear joint surplus function
‘/z'j = 91 + QQSij — 93(7“;1||XZ — AXJH)2 + Cij Wlth Sz'j = m]?X AzkAgk (2)

Our theory will require 3 > 0 which captures homophily in position since it disin-
centivizes link formation between positionally dissimilar nodes. The term S;; is an
indicator for whether i and j share a common neighbor (used for example by Men-
zel, 2024). If 6, > 0, then node pairs (i,7) sharing a common neighbor are more
likely to form a link. Both rationalize the well-known stylized fact that networks are
commonly clustered in that nodes with common neighbors are themselves typically
neighbors (Jackson, 2010).

Example 2. Sheng (2020) studies a specification similar to

Vij = Bo+ (Zi + Z;)' b1 + Bor | Xi — X

+m Z<A”“ + Ajr) + 72 Z AAjr + Gy, (3)

k=1 k=1

which corresponds to linear joint surplus function with

Sij = ( DA D A, ) Ajk) : (4)
k=1 k=1 k=1

The first component of (4) plays a role analogous to S;; in (2), being a count of the
number of common neighbors. The second and third components are respectively the

degrees (number of neighbors) of i and j. If 43 > 0, this captures a popularity effect.
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As explained in the next subsection, the assumptions we impose for a CLT in many
cases require S;; to be uniformly bounded over 7, j € A, and n € N. Existing work on
large-network asymptotics for network formation shares this limitation (Boucher and
Mourifié, 2017; Menzel, 2024; Ridder and Sheng, 2022). Statistics such as (4) may be
modified to satisfy uniform boundedness by truncation, for example min{> ,_, A;,, A}
for some user-specified constant A.

The next subsection states a restriction on V'(-) that generates homophily and
sparsity. In §2.2, we formalize how S;; may depend on A and introduce the equilib-
rium selection mechanism. Finally, in §2.3, we define the class of network moments

for which we provide a CLT.

2.1 Homophily and Sparsity

A common feature of social networks is homophily, the tendency for those with similar
characteristics to associate. We require homophily in position, specifically that the
joint-surplus function V'(+) is decreasing in the first component, so nodes dissimilar in
position are less likely to form links. Positions may represent latent node locations in
an abstract “social space,” as in latent-space models (Hoff et al., 2002), or attributes
such as income and geographic location.

Another common feature is sparsity, meaning that the number of connections
formed by the typical node is of significantly smaller order than n (Barabasi, 2015).
This is often accomplished by scaling the sequence of models such that the expected
degree n~' 37" | 37" | E[A;;] is asymptotically bounded.

Our first assumption restricts the joint-surplus function V() and the distribu-
tion of (;;, so that the network generated by model (1) exhibits homophily in po-
sitions and sparsity. Let ®¢(z) = P((; = 2). Define V(r, 1| X; — Xj|,¢5) =
sup, . . V(r, | Xs— X1l s, 2,2/, i), where the supremum is taken over (s, z, 2’) in the
support of (S;;, Z;, Z;) (which will be identical across ¢, j under assumptions below).

Finally, recall that d is the dimension of Xj.

Assumption 1 (Homophily and Sparsity). For any 6 € R, V(4,-) is invertible and
increasing in its second argument, and its inverse V=1(6, ) satisfies lim sup,_,., 0~ log ®(V=1(5,0)) <

0. Furthermore, there exists k > 0 such that, for any n € N,

rn = (k/n)V". (5)
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Homophily is a consequence of the first sentence because P(A4;; =1 | 1| X; — X;| =
§) < ®:(V71(6,0)), which is required to decrease exponentially with 6. If V(-) is not
too nonlinear in its first component and the distribution of (;; has exponential tails,

then this assumption is satisfied, as shown in the next example.

Example 3. Consider Example 1, and suppose S;; has uniformly bounded support.

Then for some universal constant M,

P(Viy >0|r X — X =6) S P(M — 636% + (i > 0) = D (030° — M),

V(8.6i7) V=1(6,0)

which decays to zero exponentially with ¢ if 3 > 0 and the distribution of ¢;; has

exponential tails.

Example 4. In the previous example, Assumption 1 implicitly imposes restrictions
on the support of (S;;, Zi, Z;,(;;). Consider a variant of (2) in which we replace
O3(r, || X — X;||)? with the “random geometric graph” penalty co-1{r, 1| X;— X;|| > ¢}
for some ¢ > 0, with the convention that oo - 0 = 0. That is, nodes do not link
with alters whose scaled positions are sufficiently far from the ego’s. Then P(V;; >
0] r, I Xi— X;|| =9) < 1{6 < ¢} which satisfies Assumption 1 without support

restrictions.

Lastly we discuss the role of (5) for sparsity. As n increases, there are more op-
portunities to form links, which increases expected degree, corresponding to a denser
network. By sending r,, to zero with n, we increase the “cost” of link formation due to
homophily, thereby decreasing the expected degree. Our choice of r,, balances these
two forces to achieve a sparse network in which the expected degree is asymptotically

bounded. To see this, notice that expected degree is

n

%Z Y E[Ay] = (n— DP(V(r, M IX: = X5, Sy Zi, Z4, Gig) > 0)
< (= DP(Gy > V071X - X, ,0))
-0t [ | Pl Ve = 1 0) f@f o+ rale’ — ) dod’ (O

by a change of variables ' — x +r, (2’ — ). By (5), if f is continuous, this converges
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to

o[ L e = 21,0) e e

which is finite because the integrand decays exponentially with ||z — 2’|| by Assump-

tion 1.

2.2 Strategic Interactions and Equilibrium Selection

We next define the statistics S;; that capture strategic interactions. For any H <
Ny, let ' Ty = ((r;' Xy, Zi))ienr be the array of (scaled) types for nodes in H and
Cr = (Gij)ijen (with ¢; = 0 for all ) be the corresponding array of random-utility
shocks. In the case where H = A, we abbreviate r, 'T;, = r; Ty, and ¢, = (v, -
Let Ay = (Aij)ijenr denote the subnetwork of A on H. We define

Sij = Sn(i, 3,7 T, A) (7)

where {S,}nen is a sequence of permutation-invariant functions.!
We next impose the common restriction that S;; only depends on its arguments

through the 1-neighborhoods of ¢ and j, recalling the definition from §1.

Assumption 2 (Local Externalities). For any r > 0, n € N, i,j € N, and H =
NA(L 1) UNA(j: 1)7 Sn(%]a TﬁlTnaA) = S|H\(Z'7j7T?1TH7AH)‘

That is, S;; is only a function of nodes linked to either 7 or j. Most statistics used
in the literature satisfy this assumption, including those in Examples 1 and 2, which
appear to be the most common choices (Christakis et al., 2020; Leung, 2019b; Mele,
2017; Sheng, 2020). Dependence of S, (-) on types also allows for covariate-weighted
versions of these examples, such as the weighted degree > | A Zg.

The model thus far is incomplete since multiple networks A may satisfy (1) due
to strategic interactions. Let £(r;'T,,¢,) denote the set of such networks, which
corresponds to the set of pairwise stable equilibria. To complete the model, we in-

troduce a selection mechanism, which is the reduced-form mapping from primitives

For any bijection m: N, — A,, we abuse notation by defining =(r;'T,) =
(r ' Xri)s Zniy)ien, and w(A) = (An(iyn(j))ig- We say Sp() is permutation-invariant if
Sn(iy 3,1 Ty A) = Sy (m(3), 7w(§), m(r,, 1 T,,), m(A)). This means that the function does not directly
depend on node labels which have no economic content in our model.
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to the observed network. It is a representation of the latent social process by which

nodes coordinate on an equilibrium.

Assumption 3 (Equilibrium Selection). For any r > 0 and n € N, an equilibrium
exists in that E(r~'T,,¢{,) is non-empty, and there exists a permutation-equivariant
function \,(-) (the equilibrium selection mechanism) such that A = \,(r~'T,,,¢{,) €
E(r T, ¢) .2

Remark 1. The empirical games literature typically represents the equilibrium selec-
tion mechanism as a conditional distribution o(- | r~T;,, ) over E(r'T,,,¢,). We
represent it as a deterministic function, which is more convenient for our purposes,
especially for formulating Assumption 8 below. We next show that for any condi-
tional distribution, we can construct a deterministic function that induces the same
distribution over equilibria. The main idea is that types can always include payoff-
irrelevant components that can be used to randomize over equilibria. Specifically, let
{vi}r Yy ([0,1]) be independent of all structural primitives. These will serve to
generate a distribution over equilibria conditional on structural primitives. Redefine
r YT, = ((r'X;, Zi,v;))icn, (scaled types with payoff-irrelevant components), and
let r T, = ((r'X;, Z:))ien, (scaled types as originally defined).

The set of equilibria is given by £(r'T,, ¢,) = {Ax}7-,. Consider any conditional
distribution o over this set, where we abbreviate o, = o(Ay | r‘lf’n,cn). Define
v* = F(1 — max{y;}I" ), where F is the CDF of 1 — max{y;}? ,. Partition [0, 1] into
m intervals of lengths o4, ...,0,,, and let \,(r 1T, ¢,) be the function that selects
equilibrium Ay if v* falls within the interval associated with oy. Since v* ~ U([0,1])
for any n, we have P(\,(r'Ty,¢,) = Ag | 7T, ) = 0%. In other words, our
deterministic construction of A, (-) generates the desired conditional distribution over

equilibria.

2Following the notation in footnote 1, we say A,(-) is permutation-equivariant if
T A (r~ 1T, ¢n)) = A (m(r1T), 7(¢n)), where m((,,) is defined similarly to m(A).

10
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2.3 Network Moments

Our objective is to prove a CLT for network moments that are averages of node

statistics

1 n
=Y Wi, r, Ty Gy A),
n i=1

where {1, }nen is a sequence of R%-valued, permutation-invariant functions (see foot-
note 1). We often abbreviate 1;(N,,) = ¥, (i, 7, Ty, Cn, A).

Example 5 (Subnetwork Counts). A simple network moment is the average degree
for which the node statistic is the degree ¥;(Ny,) = >J7_; Aj;. This is a permutation-
invariant function of the network. Average degree is proportional to the dyad count
(number of links). More generally, we can count any other connected subnetwork,
such as the number of triangles, k-stars, or complete networks on k-tuples. For
instance, the triangle count is proportional to ZZ ik AijAjr Ak, with corresponding
node statistic 1;(N,,) = >’ ik Aij A Aig. See §A for a formal definition of subnetwork

counts.

More generally, we consider the following class of node statistics that includes the

previous examples. Recall that N4 (i, K) is ¢’s K-neighborhood, defined in §1.

Assumption 4 (Node Statistics). For some K € Z, and any r > 0, n€ N, i € N,
and H = NA(Z.’ K); ?,Un(% rilT’m Cn7 A) = ¢|H\(Z7 74711—1H7 CHa AH)

This states that the node statistic only depends on the types, random-utility shocks,
and subnetwork of nodes on i’'s K-neighborhood. The average degree and triangle
count satisfy this for K = 1. A more complex example is the number of nodes at

most path distance D from node i, which satisfies this assumption for K = D.

Example 6. Subnetwork counts are useful for structural inference. Suppose V() is
known up to some vector of parameters ). Sheng (2020) defines an identified set for

0y in terms of moment inequalities of the form

n

1 n
- Z Z E[(Gi,..in. — Hiy...ir (00))ir...iiny (T0)] < 0.2 (8)
i1=1

im=1

3Technically this is proportional to the expectation of (5.3) in Sheng (2020). Our scaling is

11
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Here 22:1 . .Z?mzl Gi, .., is proportional to a count of a particular connected
subnetwork of size m. For example, for counting triangles, which are fully connected
= A iy Aiyis Aigi,- The upper bound H;, ;. (6y) and

instrument function ¢;, ;. (T)) are known, deterministic functions of the observed

subnetworks with m = 3, G,

----- im FERED)

component of T;,.

Furthermore, n=" > ... 3" | Hy, i, (600)i....i,,(T,) is proportional to a U-
statistic of order m with a kernel that is a deterministic function of {(X;, , Z;,)}7~,. By
the Hoeffding decomposition, it equals n=1 Y7 | J;(6p) +0,(n~Y/2) for some J;(6p) with
the same mean that is a deterministic function of i’s type (X;, Z;). Hence, J;(6,) satis-
fies Assumption 4 for K = 0. Additionally, 1/;2-1 No) =200 120 1 Ginin i i (T)

is a node statistic satisfying Assumption 4 for some K < m — 1 since the subnetwork

is connected. We have therefore shown that

Z Z [(Gi....ivs — Hiyo i (00)) .. (T)
; im=1

11=1

Sl-

- E[(Gil,...,im - Hil,...,im(90))Qi1,...,im (Tn)]]

— = 2} (AR) — J00) B[ (AR) — H00)]) + )

Our CLT can be applied to the first term on the last line.

3 Stabilization

This section provides high-level conditions for a CLT. Readers interested in the appli-
cation to strategic network formation may wish to skip to §4 where we state primitive
sufficient conditions.

Recall from Assumption 3 that for any H < N, A\ (r, *Tw, xr) is the equilibrium
network under the counterfactual model in which the set of nodes is H rather than

N,,. Abusing notation, for : € H, we define i’s counterfactual node statistic

Vi(H) = iy (i,ry T, S Ny (" T, Car)).- (9)

For H = N, this coincides with the original definition. For H < N,,, the counterfac-

different because we consider sparse networks.

12
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tual interpretation is due entirely to the last argument. Contrast (9) with

U (i, T, Cors Am). (10)

For example, if 1;(N,,) is the degree of node i on the full network, then (10) is i’s
degree in the observed subnetwork restricted to H, which can be directly computed
from observation of A. Generally, this does not equal (9) because the networks A g
and A\ (r,, ' T, ¢rr) do not coincide due to strategic interactions, which induce nodes
in H to form different links when nodes N,,\H are absent from the model.

Recall that d is the dimension of X;. For any B < RY, let N,(B) = {i €
N,: ' X; € B}, the set of nodes with scaled positions lying in the set B. For
zeR%and R >0, let B(x,R) = {y € R%: ||z — y|| < R}.

Definition 1. For any » > 0, n € N, and i € V,,, the radius of stabilization
Ri(nv T) = R(Z7 r_lTnv C’ru An)

is the smallest integer-valued R > 0 such that 1;(N,) = ¥;(N,.(B;)) for all sets
B; < R? containing B(r~'X;, R).

This is the smallest radius R such that ¢’s node statistic has the same value under
all counterfactual models that drop nodes positioned outside of ¢’s neighborhood
B(r7'X;, R).

The main idea is as follows. If this radius were “small,” then ;(N,,) would primar-
ily depend on a small fraction of nodes, specifically those positioned near 7, in which
case node statistics should be weakly dependent. To establish a law of large numbers
(LLN), Leung (2019b) requires the radius to be O,(1), analogous to a condition due to
Penrose and Yukich (2003). However, a CLT seems to require stronger conditions on

the distribution of the radius, in particular the thickness of its tails (Penrose, 2007).

3.1 Abstract CLT

We first define some notation and the sequence along which we take limits. Let
{(Xi, Zi) bien and {(;j: i € N, j > i} both be i.i.d. and independent, and assume the
density f of X; is bounded. We consider a sequence indexed by n € N such that the

13
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nth element of the sequence is given by the tuple

(rrlena Cnv /\nv ¢n)

The first three components are structural primitives that determine A, while the last
is the node statistic function.

For technical reasons, we need to consider sequences of models indexed by n in
which the network size is not n but rather of the same asymptotic order as n. Let
{ N, }nen be a sequence of random variables independent of all model primitives such
that

N,, ~ Poisson(n). (11)

A de-Poissonization argument discussed below requires us to consider two different
network sizes: a random size N, + k, where k is a constant, and a non-random
size m + k, where m = m, with m,/n — ¢ € (0,20). Our original setup with n
nodes corresponds to m = n and k£ = 0, and no intuition is lost to the reader who
only considers this case. The need to consider models with different network sizes is
purely for technical reasons clarified in §3.2.

Define 7 = supp(X1,7Z1), 7% = XI, T, and Tp = ((X;,Z))%,. Our first
assumption is the key high-level weak dependence condition that controls the tail
behavior of the distribution of the radius of stabilization, or more formally the con-
ditional probability P(R;(m + k,r,) > w | Ty = t;). Since probabilities condi-
tional on continuous random variables are not uniquely defined, we require some
additional notation to phrase the assumption in terms of a wersion of the con-
ditional probability. Let m,k € N and ¢, € T*. Construct r,; ', (t) from
r1T,,.x by replacing the types of the first k nodes T}, with fixed values t;. Define
Ri(m + k,rp;t) = R, 1, T (86), $mtks Amsk). Then P(RY(m + k,rp; t) > w)
is a version of the conditional probability P(R;(m + k,r,) > w | Ty = ty).

Assumption 5 (Exponential Stabilization). For any k € {1,...,4} and k' € {1,2},

14
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there exist ng,e > 0 and n € (0,1] such that

lim sup w™ " max{log 7, .(w), log 7,(w)} < 0, where
w—00

The(w) = sup sup sup P(RI(m + k,ry; ty) > w),

n>ng me((1—e)n,(14+€)n) tLeTk
Tp(w) = sup sup P(R](N, + K 1o te) > w).
n>no ¢, ,eTk
For n = 1, this says that the distribution of the radius of stabilization has an expo-
nential tail under models with N,, + k£ and m + k£ nodes, uniformly over the types
of the first & nodes.* Technically the assumption allows for slower than exponential
decay with n < 1, but it is otherwise analogous to conditions used by Penrose and
Yukich (2008) and Penrose (2007). Our method of proof for the result below is based
on theirs but with important differences in setup discussed in §3.3.

Contrast Assumption 5 with the more familiar concept of m-dependence, which
states that an observation is only correlated with nodes in some non-random neigh-
borhood of known radius m. Stabilization generalizes this to allow neighborhoods
to be node-specific, random, and complex functions of the primitives. In general,
bounding the size of this set is far from trivial, and one of our main contributions
is to demonstrate that branching processes can be used for this purpose to derive
primitive sufficient conditions, as discussed in §4.5.

The next assumption imposes a moment condition. Similar to the previous as-
sumption, we require additional notation to phrase the condition in terms of a version
of a conditional expectation. Let k€ N, ¢, € 7%, and H < N be a finite set contain-
ing {1,...,k}. Construct r 'T(t;.) from r, Ty by replacing the types of the first k
nodes T}, with fixed values t. Define ¢} (H;ty) = Y (1,7, T (t), Ciry A\jmy), so that
E[¢;(H;t;)] is a version of the conditional expectation E[i(H) | T}, = t;]. Finally,

let ||z]|, denote the entry-wise maximum of a vector or matrix x.

Assumption 6. (a) There exist p > 2,¢ > 0, M < w0, and ng € N such that for all
n>ng, ke {1,2,3}, me (1 —e)n, (1 +e)n), and t, € TF,

max { B[ (N 6 5], BlI[UT N, o0 0 (Ha 0 {11 t) 5]} < M

4The first k is an arbitrary choice of k nodes. Note that nodes are exchangeable in our model since
types and random-utility shocks are i.i.d. and the equilibrium selection mechanism is permutation-
equivariant.
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for any sequence of sets H, € N. (b) For anyr >0, neN, i e N, and v € R?,

Un (i, 77 T, Gy A) = 1y, (i, ((T_lXj + x, Zj))’]?zl, Cn, A) and
)\n(r_lTna Cn) = An((r_lXj +, Z]))n Cn)

j=1

Part (a) requires node statistics to have bounded p > 2 moments, uniformly over the
types of k nodes. We provide primitive conditions in §A for the case of subnetwork
counts (Example 5).

Part (b) says that node statistics and the selection mechanism are invariant to
additive shifts in scaled positions {r~'X;}" ;, which holds if these only enter through
scaled distances r~![| X; — X||. Because X; and Z; may be arbitrarily dependent, this
still allows X; (unscaled) to enter the model as a subvector of Z;. In Examples 1 and
2, the latent index only depends on types through scaled distances or Z;, so requiring
the selection mechanism and node statistics to satisfy the same property does not
apparently rule out any economically interesting applications.?

Let 3, = n~'Var(})! | ¥i(MN,)), Amin(X5) be its smallest eigenvalue, and I denote

the dy-dimensional identity matrix.

Theorem 1. Under Assumptions 5 and 6, sup, ||, |l < 0. Further suppose that
liminf, o Apin(X,) > 0. Then

251/2_
\/ﬁi 1

PROOF. See §SA.1. [ |

LS (04N, — B[ (NG)]) — A0, T). (12)

The proof does not rely on the setup or assumptions in §2, other than the distribu-
tional assumptions at the top of §2 and the requirement that A, (-) is a deterministic,
permutation-equivariant function of the structural primitives. The other assump-
tions will be used in the next section to verify Assumption 5 for strategic network

formation.®

°For example, Assumption 6(b) disallows network moments such as n=' " Z;‘L=1 r X A,
but since X; and Z; may be arbitrarily correlated, it allows for n=! > " | Z;.l:l XA

6Theorem 1 can be applied to other network models. For instance, in Leung (2019a), A, (-) is the
reduced-form mapping that takes as input the structural primitives and outputs both the network
and the outcome of a second-stage social interactions model given the network.
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3.2 Outline of Proof

Step 1. We first establish a CLT for the “Poissonized” model in which the number of
nodes is N, defined in (11), so-called because {X;}Y" has the same distribution as a
Poisson point process with intensity function nf(-) (Penrose, 2003, Proposition 1.5).

Specifically, we show

- I/Z\f (sz (Nw,) — [Zwl (Nw,) ]) iﬁ\/’(o,I), (13)

where 33, = n~'Var(3" ;(Ny,)). This is simpler to prove directly because, unlike
{X;}",, the Poisson process {X;}X" possesses a well-known spatlal mdependenee
property: for any disjoint subsets Sy, Sy € R, { X} ~ S| AL { X}~ Sy

We prove (13) by adapting a theorem due to Penrose and Yuklch (2008) (see
our Theorem SA.1.1). We proceed by first partitioning the support of X into cubes
Q1,...,Qy, of slowly growing volume and representing the moment n ! Zﬁ"l »i(Nn,)
as a double sum over cubes and nodes within cubes n='>'", jvzl 1ij(Ny, ), where
N; is the number of nodes positioned in ); and ij indexes the jth node in @);. Spatial
independence of the Poisson process implies independence of node positions across
cubes. However, node statistics are complex functionals of the process and hence are
not generally independent across cubes.

Since stabilization implies that node statistics 1;;(N,,) are primarily determined
by nodes relatively proximate to 75, and hence cubes relatively proximate to Q);, it
can be shown that the dependence structure of {Z;\il Vi (N, )} is “approximately”
characterized by a certain “dependency graph.” This is a network in which, roughly
speaking, two observations are linked if and only if they are dependent. In our
case, observations are cubes, which we connect if and only if they are relatively
proximate. Careful construction of the cubes ensures a small approximation error for
the dependency graph characterization, and applying a CLT for dependency graphs
(Chen and Shao, 2004) delivers the result. For precise details, see §SA.1.1.

Step 2. Since N,/n - 1, {X;}, and {X;}Y should be “similar,” so given (13),
we expect a similar result for the original model. The second “de-Poissonization”
step of the proof, which follows Penrose (2007), shows that this intuition is correct,
provided we properly adjust 3,, downward to obtain the correct variance X, (see our

Theorem SA.1.2). This is needed because N,, contributes additional randomness to
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the asymptotic distribution.
More specifically, define the add-one cost

¢n+l n+1 2 z n+1 wz(Nn)) (14)

This is the aggregate counterfactual impact on the total > | ¢;(N,,) from adding a
new node labeled n + 1 to the model. The first term is the direct effect of adding
n + 1, which is its own node statistic. The second term is the indirect effect, which
is the new node’s impact on the statistics of all other nodes. A key step of the proof
establishes that

oo o

_ n—1/2 (Zn: ¢1(Nn) _E [Zn: wz(Nn)]>

+n YN, —n)E[Zn,] + 0,(1).

This may be viewed as a first-order expansion in the number of nodes, comparing
N,, to n. The “derivative” is E[Zy,] since it captures the change in moments as a
result of a unit increment in the number of nodes. By (13), the left-hand side is
asymptotically normal, and by the Poisson CLT, so is n~"/2(N,, —n)E[Zy,]. Because
N,, is independent of all other primitives, we can then establish that the first term
on the right-hand side is asymptotically normal by an argument using characteristic
functions; for details see the end of §SA.1.2.

3.3 Related Literature

The proof is closely based on arguments in Penrose and Yukich (2008) and Penrose
(2007), whose results pertain to geometric graphs without strategic interactions. The
innovation in Theorem 1 is primarily conceptual, namely, the recognition that an
appropriate modification of stabilization allows us to adapt their results to econo-
metric models. Our main technical innovation will be discussed in §4, namely the
use of branching processes to derive primitive conditions for stabilization in models

with strategic interactions. Leung (2019b) uses branching processes to establish an
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LLN, while we tackle the more difficult task of proving a CLT, which requires us to
establish new tail bounds for the radius of stabilization (Lemma SA.2.8).

The setup and assumptions used in Penrose’s work are not directly applicable to
our setting, so we cannot simply verify their conditions. However, we show that their
proofs can be translated to our setting, which differs in three main aspects. The first
is the definition of the radius of stabilization. We reformulate the definition in terms
of counterfactual models (9) and require invariance of i’s node statistic to the removal
of nodes outside of N, (B;). Existing definitions demand invariance to the removal
and addition of new nodes, but invariance to addition is typically violated in the
models we study due to strategic interactions. Second, X; may be correlated with Z;
in our setup, whereas the literature requires independence, but this turns out to have
little effect on the proofs. Third, our model includes pair-specific shocks ¢;;, which
pose little problem due to their high degree of independence. These are independent
across pairs, in contrast to type pairs ((X;, Z;), (Xj, Z;)) which are correlated across

pairs sharing a common node, for example (i, 7) and (i, k).

4 CLT for Network Formation

Exponential stabilization (Assumption 5) provides a high-level formulation of weak
dependence. This section derives primitive conditions for the network formation
model in §2, so throughout this section we work under its setup. We begin in §4.1
by introducing key definitions used in §4.2 to explain two sources of cross-sectional
dependence induced by the model. These motivate the weak dependence conditions
stated in §4.3 and §4.4. In §4.5 we present the main result, that these conditions

imply exponential stabilization. We outline the method of proof in §4.6.

4.1 Strategic Neighborhood

Recall the definition of the joint surplus from (1), and let

Dij = {sup V(r,'|1 X; — X, s, Zi, Z;, i) > 0}

x {inf V(r, |1 X; — X, s, Zi, Z;,¢3) < 0} (15)
This is an indicator for whether the potential link A;; is non-robust. If inf, V(r; || X;—
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Xill, s, Zi, Zj, G;) > 0, then A;; = 1, and the link is robust in that the joint surplus
is positive regardless of what other links are formed. This is because A enters V()
only through S;;. Likewise, if sup, V(' | X; — X;||, s, Zi, Z;, (ij) < 0, then A;; = 0,
and the link is robustly absent in that the joint surplus is negative regardless of what
other links are formed. In either case, D;; = 0. If instead D;; = 1, then A;; may
be 0 or 1, and the potential link is non-robust in that the sign of the joint surplus is
responsive to links formed by others.

Let D be the network of non-robustness indicators with ¢jth entry D;;. Let
C; denote ¢’s component in D, recalling from §1 that a component is a connected
subnetwork that is disconnected from the rest of the network. Let IT be the network

of robust link indicators with ijth entry
Hij = 1{ lan(T’T:IHXZ — Xj||7 S, ZZ‘, Zj, CZJ) > 0}

Recall that N11(7, 1) denotes i’s 1-neighborhood in IT, which includes i itself. A crucial

concept for what follows is a node’s strategic neighborhood, given by

CF = JNu(i,1): je G} (16)
This adds to C; the set of all nodes that possess a robust link to some member of C;.

Example 7. Consider Example 1, and suppose #; > 0. Then A;; is robust if §; —
03(r;1||Xi_XjH>2+Cij > (0 and robustly absent if 8, +62—03(7’;1||Xi—Xj||)2+C7;j < 0.

The non-robust indicator is
Dij =1{ — 0 < 0; — 05(r,;'[| X; — X;|))* + ¢; < 0}

As the strength of strategic interactions 5 increases, so does the right-hand side,
and hence, the likelihood of non-robustness. In the case of no strategic interactions
(A2 = 0), there are no non-robust potential links.

We can compute C; as follows. Initialize C; = {i}, add i’s neighbors in the
network D to the set, and then iteratively add neighbors of neighbors in the manner
of a breadth-first search until there are no new nodes to add. To compute C;, we set
IL;; = 1{6; — O5(r,) | Xi — X;|[)? + ¢;; > 0} for all i # j and add to C; all nodes that

are neighbors under IT of some member of C;.
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The previous example illustrates how D;; is increasing in the strength of strategic
interactions. Stronger interactions then imply that C;" is a larger set for any given
realization of the primitives. This suggests that, when strategic neighborhoods are
likely small in size, we expect weaker strategic interactions and hence weaker cross-

sectional dependence. We elaborate on this point in the next subsection.

Figure 1: A network with three strategic neighborhoods.

Example 8. Let the primitives (r; 1T}, ¢,) be given, which fully determine the re-
alizations of non-robustness indicators D and robust link indicators IT defined in
Example 7. Suppose their realizations are depicted in Figure 1, where thin lines rep-
resent non-robust potential links (those of D), solid lines represent robust links (those
of IT), and the absence of a line between two nodes represents a robustly absent link.
The observed network A is a subnetwork of the depicted network because if D;; = 1,
then A;; is either 1 or 0, while if D;; = 0, then the link between ¢, j is either robustly
absent, in which case A;; = 0, or robust (Il;; = 1), in which case A;; = 1. The
components of D are the three subnetworks obtained by removing the solid lines:
{0,1,2}, {3,4,5,6}, and {7,8,9}. The strategic neighborhoods are the three circled
subnetworks {0, 1,2,3}, {2,...,7}, and {6,7,8,9}, obtained by adding to each com-
ponent the set of nodes with solid lines to any member of the component. Notice that
strategic neighborhoods may have nodes in common, whereas components necessarily

partition N,.
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4.2 Dependence Structure

Models of strategic network formation induce two forms of cross-sectional dependence,
one due to link interdependencies directly induced by strategic interactions, and the
other due to equilibrium selection. To illustrate, consider a model with n = 9 nodes
and realized structural primitives such that Figure 1 depicts the resulting robust
and non-robust potential links. Consider the impact on the realized network A of a

hypothetical intervention that perturbs the value of (4.

4.2.1 Best-Response Chains

The perturbation changes the joint surplus Vs¢ to some new value V5(61 ), both evaluated
under A. If the signs of these values differ, then Asg is no longer pairwise stable, so
suppose in response the pair updates their potential link Asg to Agg = 1{1/})% ) >
0}, resulting in the network A;. This update may affect the joint surplus of other
potential links, for instance Vg7 via Sg;. However, because Ag; is a robust link, Vjy; is
always positive, whether evaluated under A or Ay, so there is no subsequent update
to Agr. On the other hand, Ays is non-robust (D45 = 1), so the update to Ass may
change the value of V5 evaluated under A to a new value ‘/4(52 ) evaluated under A, that
has a different sign. Suppose in response the pair updates A5 to Afé) = 1{‘/;1(52 ) > 0},
resulting in a new network A,. This in turn affects the joint surplus of any other node
pair containing nodes 4 and 5. The only such pairs with non-robust potential links
are (3,4) and (5,6) since D3y = D3¢ = 1, so only those potential links may update in
response to the update to Ays.

Suppose we iterate these best-response dynamics indefinitely. At no point do
potential links other than those of pairs (3,4), (4,5), and (5,6) update during the
process. This is because they are the only pairs connected to nodes 5 or 6, the target
of the initial perturbation, through a chain of non-robust potential links, or more
formally a path in D. These paths constitute the furthest extent that best-response
chains extending from nodes 5 and 6 can travel. By definition, the component of D
containing nodes 5 and 6 contains all such paths.

The previous example pertains to interventions that perturb non-robust potential
links, specifically Aszg. Interventions that perturb robust links, such as Ag7, trig-
ger best-response dynamics in all strategic neighborhoods containing the link, which

would be the two right-most strategic neighborhoods in Figure 1.
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These examples demonstrate that the sizes of components C; and strategic neigh-
borhoods C;" (since they contain the components) are indicative of the degree of cross-
sectional dependence. The key idea is that if strategic neighborhoods are relatively
small, then best-response chains cannot extend too far from the initial perturbation,
corresponding to weaker dependence. To control the length of best-response chains,
in §4.3, we state a “subcriticality” condition that ensures that component sizes are
asymptotically bounded. From the discussion following Example 7, this should hold
if strategic interactions are sufficiently weak.

To derive the condition, we employ a well-known technique used in random graph
theory for bounding the size of a component, which is to construct a branching process
(see §SA.2.1 for a formal definition) whose size stochastically dominates that of the
component (e.g. Bollobas and Riordan, 2012). The basic idea is to explore each C;
via breadth-first search by starting at ¢, branching to its neighbors, neighbors of
its neighbors, and so on. This is akin to growing a branching process, a model of
population growth in which individuals in a given generation independently produce
a random number of offspring, which corresponds to a node’s neighborhood size.
Subcriticality ensures that the average number of offspring is less than one, in which
case the size of the process does not diverge and |C;| is asymptotically bounded.

While this is enough to establish an LLN (Leung, 2019b), a CLT additionally
requires the distribution of |C;| to have exponential tails. We utilize a tail bound for
subcritical branching processes to obtain the desired result; see Lemma SA.2.3 which
is proven by Leung (2020) using an argument due to Turova (2012). This is a key

ingredient for verifying Assumption 5.

4.2.2 Coordination

The second source of dependence is due to equilibrium selection. Let us shut down
the first source of dependence by supposing the perturbation to (56 is small enough
not to change the sign of Vg, so there is no change to the network at any point in the
best-response dynamics outlined above. However, if equilibrium selection is governed
by a mechanism different from best-response dynamics, the perturbation may still
substantially affect the network structure.

Suppose |E(r; 1T, ¢,)| = 2. Since the perturbation does not change Vg, the set of
equilibria is identical before and after the perturbation. However, one can construct

a selection mechanism A, (-) that outputs one equilibrium under the structural prim-

23



LEUNG AND MOON

itives before the perturbation but outputs the other after the perturbation. Hence,
the perturbation can alter potential links involving nodes external to C5 even though
any best-response chain must be limited to this component. This illustrates how, un-
der unrestricted equilibrium selection, all nodes may coordinate on the same “signal”
(Cs6), resulting in strongly dependent potential links whose realizations all depend on
this random variable.

In §4.4, we state a condition that ensures coordination is “decentralized” in that
strategic neighborhoods “separately select” their pairwise stable subnetworks. A con-
sequence is that any perturbation to a node pair’s types or random-utility shocks only
affects the selection of the equilibrium subnetwork on strategic neighborhoods involv-
ing the pair. For example, in Figure 1, it will be the case that a perturbation to (54
only changes the equilibrium subnetwork on {2,...,7} since no other neighborhood
contains {5,6}. Combined with the subcriticality condition that ensures strategic
neighborhood sizes are asymptotically bounded, this implies that the perturbation
can only shift equilibrium selection within a bounded subset of nodes, ensuring weak
cross-sectional dependence. This will allow us to construct a radius of stabilization

that is asymptotically bounded.

4.3 Strength of Interactions

We next state a condition that controls the sizes of strategic neighborhoods, and
hence length of best-response chains described in §4.2.1, by restricting the magnitude

of strategic interactions. We measure strategic interaction strength by

pr.(Xi, Zi, X5, Z;) = P(sup V(r, | Xs — X;|. 8, Zi, Z5, Gy) > 0| Xy, Z3, X, Z;)
This is the effect on link formation of changing S;; from its “lowest” to its “highest”
possible value, conditional on types. In other words, it is the maximal change in
linking probability induced by the strategic component of V().

Let ®@,(-|z) be the conditional distribution of Z; given X; = x. Recall that f
is the density of Xy, T = supp(Xi, Z1), and d, is the dimension of Z;. For any
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h: R x R% — R, define the mixed norm

1/2
Il1h||m = sup (J h(:x,z)2 d@*(z)) ,
Rd=

zeRd

where ®* is a measure defined in the next assumption. Finally, for f = sup,ga f()
and « in (5), let

1/2
h, (x,z) = nf <J pr, (2, 2,2, 2)*dD, (¢ | x')> f(z')da" and
Rd=

R4

1/2
h*(z,2) = kf (J pi(z, 22, 2')? d@*(z')) dz’.
Re \JRz

Assumption 7 (Subcriticality). (a) There exists a measure ®* on R% such that for
all (x,2) e T and n e N,

nf J P (232", 2') (2 | o) f(2) da’ < /iff f pi(x, 22, 2') dD*(2) do’,
Rd JRdAz Rd JRAz
and h,., (z,z) < h*(x,2). (b) [|h*||m < 1.

Part (a) is a regularity condition corresponding to Assumption 2 of Leung (2020) that
replaces @,(- | 2’) with a “dominating” measure ®*. The substantive requirement
is (b), which is a slightly stronger version of Assumption 6 of Leung (2019b). Its
formulation is as primitive as possible at this level of generality, but we may obtain
further insight by specializing to a particular joint surplus function. The next example

demonstrates how the condition restricts the magnitude of strategic interactions.

Example 9. Consider Example 1, and suppose X; ~ U([0,1]*) and (;; ~ N(0,1).

By a change of variables 2’ — x + r, (2’ — z) as in (6),

nf J pr (22" 2) AP (2 | o) f(2)) da’
Re JRd=
= nf P( =0y <6 —03(r;, |z — 2'||)* + Ci2 < 0)1{a’ € [0,1]*} da’
]Rd

< K,J P(—eg < 91 —93HIE —ili'/H2 +<12 < O) dx/.
Rd
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Notice the second line equals h,., (z, z) and the third line h*(x, z). Letting ®(-) denote
the normal CDF,

h*(x, z) = mf [@(91 + 0y — Os|ul|*) — ®(0, — 93||u\|2)] du
]RZ

Q0
= 2/{77'\[ w [@(91 + 02 — 9311}2) — @((91 — 0311]2)] dw

0
by a change of variables to polar coordinates, where 7 is the transcendental constant.
Let ¢(z) = x®(z)+¢(x), where ¢(+) is the normal PDF. The integral has a closed-form

expression
KT

h*(z,z) = 9_3(Q(91 +0s) — Q(Gl))'
Assumption 7 requires this to be less than one, which holds if 6, is sufficiently small in

magnitude. This is transparently a restriction on the strength of strategic interactions.

The example illustrates how ||h*||m < 1 constitutes the network formation analog
of well-known weak dependence conditions for linear spatial or temporal autoregressive
models, which require the magnitude of the autoregressive coefficient to be bounded
below one. For instance, in the linear-in-means model of peer effects, it is assumed
that the endogenous peer effect satisfies || < 1 (Bramoullé et al., 2009). For nonlinear
models such as ours, the analogous condition is necessarily more complicated to state.
Equation (9) of de Jong and Woutersen (2011) states the condition for dynamic binary
choice time series models, which shares some visual similarities with our assumption.

The connection between Assumption 7 and the discussion in §4.2 regarding the size
of C; is that (17) = E[D;; | Xi, Z;, X;, Z;], so by Jensen’s inequality and the change
of variables argument in (6), h*(x, 2) = E[>; D; | X; = z, Z; = z]. The expectation
of the right-hand side is the expected degree in D, so by Assumption 7, this is upper
bounded by one in expectation. This implies that, as we explore C; by branching
from ¢ to its neighbors in D, neighbors of neighbors, and so on, each node has fewer
than one neighbor on average. That is, a node at each step is typically replaced by
fewer than one node in the next step, so the process is below the replacement rate,

and |C;| should be asymptotically bounded.
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4.4 Coordination

The second weak dependence condition restricts the selection mechanism, ruling out
coordination of the type described in §4.2.2. It requires selection to be “decentralized”
in that each strategic neighborhood C™* selects its pairwise stable subnetwork based
on the types and random-utility shocks of nodes in C* alone. In this sense, there is
no coordination across disjoint strategic neighborhoods.

Before stating the assumption, we need to clarify why such a restriction is possible.
Initially, it may appear incoherent because the pairwise stability of a subnetwork on
H < N, can depend on the state of the network outside of H. If nodes N,\H
are removed from the model, we would expect nodes in H to adjust their links in
best response. This suggests that coordination across subsets of nodes is generally
unavoidable.

However, if H is specifically a strategic neighborhood, then under Assumption 2,
its subnetwork is in fact pairwise stable regardless of the state of the ambient network.
Consider Figure 1 and a counterfactual intervention that removes all nodes from the
network outside of C5" = {2,...,7}. The intervention has no impact on the pairwise
stability of As3 and Ag; since these are robust links. It also has no impact on the
pairwise stability of non-robust potential links between nodes in C5, for example Ays
since neither nodes 4 nor 5 are linked to N, \C5" in A and strategic interactions are
local by Assumption 2. That is, the non-robust potential links in C5 are separated
from N, \C5 by a “buffer” of robust links, so the intervention does not trigger a chain

of best-responses that affects Ac;- This illustrates the following result.

Proposition 1 (Leung (2019b), Proposition 1). Under Assumption 2, for any r > 0,
n € N, and strategic neighborhood C™,

5<7,71TC+’ C0+) = {AC+ A€ 5(7“71Tn, Cn)}

The left-hand side is the set of pairwise stable networks under the counterfactual
model in which the set of nodes is C", rather than N,,. The right-hand side takes the
set of pairwise stable networks on N,, and restricts them to C*. The proposition as-
serts the two sets are equivalent, which says that the pairwise stability of subnetworks
on C* only depends on the structural primitives of nodes in C*. We emphasize that

this property is unique to strategic neighborhoods and is not true for arbitrary subsets
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of nodes. Leung (2020) exploits Proposition 1 to devise an algorithm that computes
E(r T, ¢,) in polynomial time under Assumption 7. We utilize it to establish a
CLT.

Recall that our objective is to impose the assumption that strategic neighborhoods
“separately select” their own pairwise stable subnetworks. Proposition 1 ensures that
it is coherent to refer to the pairwise stability of a subnetwork on a strategic neigh-
borhood in isolation from the rest of the network. However, a second concern is that
strategic neighborhoods do not necessarily partition ,,, so such an assumption may
still appear incoherent. For instance, in Figure 1, the left and middle strategic neigh-
borhoods share nodes 2 and 3 in common, so it is not clear how the two neighborhoods
can separately select equilibria.

Recall that components of D do partition N,,, while strategic neighborhoods are
obtained by adding nodes that are robustly linked to components. Then the link
between any node pair that lies in multiple strategic neighborhoods must necessarily
be robust and therefore have the same realization under any pairwise stable equilib-
rium. That is, any pairwise stable subnetwork on the left strategic neighborhood in
Figure 1 sets Asz = 1, as does any pairwise stable subnetwork on the middle strategic
neighborhood. Consequently, it is a logically coherent operation to select an equilib-
rium subnetwork for each strategic neighborhood and then take a “union” to obtain
the overall network A (see §SA.4.2 of Leung, 2020, for a detailed elaboration of this
idea).

We are now prepared to state the assumption. Let \,(r, 'T;,, Cn)‘  be the restric-
tion of the range of A\, (-) to subnetworks on H. For example, under Assumption 3,
M(rit T, Cn) = A, so M\ (1T, Cn)’H = Ay.

Assumption 8 (Decentralized Selection). For any r > 0, n € N, and strategic

neighborhood C* constructed under the structural primitives (r—1T,,¢,), we have
/\n(rilTna Cn)‘cur = )‘|C+\<T71TC+a CC*)'

This corresponds to Assumption 7 of Leung (2019b). It is important to understand
the difference between the left- and right-hand sides of the equality. On the left, we
have the model involving all nodes N,,; the selection mechanism produces a network
A, and we take its subnetwork Ac+. On the right, we have the counterfactual model

involving only nodes in C*, and the selection mechanism Xjc+|(-) produces a network
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)\‘C+|(7“_1TC+, Cc+). The assumption asserts that the two outputs are the same.

Sheng (2020) does not require this assumption because she considers a setting with
many small independent networks, which means equilibrium selection is necessarily
independent across network observations. Assumption 8 is the single-network analog
of this requirement, requiring selection to operate separately across latent strategic
neighborhoods.

The assumption rules out selection mechanisms in which all nodes coordinate
through a common signal, such as a single node’s type. Coordination is only allowed to
occur within strategic neighborhoods. In the special case where there exists a unique
equilibrium on N,,, for instance if there are no strategic interactions, the assumption
holds trivially. More generally, the condition is satisfied by variants of myopic best-
response dynamics, which are widely used in the theoretical and econometric literature

on dynamic network formation (e.g. Jackson, 2010; Mele, 2017).

Example 10 (Best-Response Dynamics). An example of myopic best-response dy-
namics is the following. Arbitrarily order all node pairs and begin at an arbitrary
network Ay. At step t, update the previous network A;_; by setting the ijth compo-
nent to 1{V (r, || X; — X;|, S5 7Y, Zi, Z;, ¢i3) > 0}, where S5 = S, (i, j, 7' T, Aga),
the network statistics evaluated at the prior network. Repeat for all pairs of nodes
to obtain A;. Repeat this process until convergence to a network A € E(r;'T,,,¢,).”
This constitutes a selection mechanism A\, () since it maps structural primitives to
an equilibrium network. To ensure that A,(-) is permutation-equivariant (Assump-
tion 3), we may suppose that potential links in A, and the ordering of node pairs are
only functions of the types of the nodes in the pair.

To understand how this satisfies Assumption 8, first consider the ideal scenario
in which the data consists of two independent network observations formed by these
dynamics. The equilibrium on each network may be generated in two equivalent
ways. First, the dynamics may be run separately on each network. Second, the two
networks may be concatenated into one, defining the joint surplus between pairs of

nodes in different networks as —oo, and the dynamics may be run on the entire entity.

"The usual method for proving the existence of a pairwise stable network is to establish non-
existence of “closed cycles,” which implies that myopic best-response dynamics always converge to
an equilibrium. See for example Proposition 2.1 of Sheng (2020).

8More generally, the initial network and ordering of node pairs may be determined by any
permutation-equivariant functions of (r; 1T}, ¢y ).
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These produce the same output given the initial network and node pair ordering.
Now suppose the data consists of a single network comprised of two strategic
neighborhoods. If the neighborhoods do not share a pair of nodes in common, then
this is the same situation as the two-network case. If they do, then both ways of
running the dynamics still produce the same result because any pair of nodes shared
by both neighborhoods must form a robust link. This reasoning immediately extends

to an arbitrary number of strategic neighborhoods, so Assumption 8 holds.

4.5 Main Results

The last assumption we require is a regularity condition.

Assumption 9 (Regularity). Fither p.(X1,Z1; X, Z2) = 0 a.s. for any r > 0 in a
neighborhood of zero, or inf{liminf, ., n E[p,, (z,z; Xa, Z2)]: (x,2) € T} > 0.

The case p, (X1, Z1; Xa, Zs) = 0 corresponds to a model without strategic interactions,
which is only mentioned for completeness. In the more interesting case, the assump-
tion essentially requires that strategic interactions are sufficiently nontrivial for all
nodes in that p,, (X1, Z1; X, Z5) is at least order n~!. This is a mild requirement
that is typically satisfied because the two probabilities in (17) are upper and lower
bounds on the probability of link formation, and the upper bound is order n~! under

sparsity by (6).

Example 11. Consider Example 9. Following the derivation there,

0
nE[p.(z, z; Xo, Z5)| = 2n7“27rf w[®(0 + b5 — b3w%) — ©(6; — b3uw°)] dw.
0

If 65 = 0, this corresponds to the case p,. (X1, Z1; X2, Z3) = 0 a.s. Otherwise, Assump-
tion 9 holds if 6y # 0 since nr2 = k > 0 by (5).

Theorem 2. Assumptions 1-4 and 7-9 imply Assumption 5.
PROOF. See §SA.2. We sketch the proof below. [ ]

From Theorems 1 and 2 we immediately obtain the following CLT for strategic net-
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work formation.

Corollary 1. Under Assumptions 14 and 6-9, sup,||X,||c < o0, and if additionally
liminf,, o Apin(X5) > 0, then (12) holds.

At this level of generality, these conditions are close to as primitive as possible, but

with additional structure we can derive lower-level conditions.

Corollary 2. Consider the network formation model in Example 9, and assume As-

sumption 6(b) and the following weak dependence conditions hold.

(a) (Strength of interactions) For q(x) defined in the example,

R

6—3((](91 +65) —q(6)) < 1.

(b) (Decentralized selection) The equilibrium is selected via myopic best-response dy-

namics as 1n FExample 10.

If 3 (V) is a vector of connected subnetwork counts (Example 5), then (12)
holds.

PRrROOF. We verify the conditions of Corollary 1. Assumption 1 holds because
D (V71(5,0)) = (036 — ) — max{fsy, 0}),

which decays to zero exponentially with ¢ since ® is the complementary CDF of the
standard normal distribution. Assumption 2 holds by choice of S;;. Assumptions 3
and 8 hold by (b). Assumption 4 holds because we consider connected subnetwork
counts (see Example 6). Assumption 6(a) follows from Proposition A.1. Assump-
tion 7 follows from (a) (see Example 9). Finally, Assumption 9 holds, as shown in

Example 11. [ ]

4.6 Method of Proof

We present the method of proof for Theorem 2 for the case of the average degree,

whose node statistic is ¢;(NV,) = >7_; Aij. The approach can be applied to other
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network models with strategic interactions.” We construct an upper bound on the

radius of stabilization that has a distribution with sufficiently thin tails.

Step 1. Recalling (9), we construct a set of nodes J; < N, positioned near i such
that

?/)z(Nn) = ¢i(Ji)' (18)

That is, ¢’s node statistic is invariant to the counterfactual removal of nodes outside
of J;. The challenge is to find a set that is relatively small so that the distribution
of the set’s size has thin tails. Supposing such a set could be found, the radius of
stabilization R;(n,r,) (Definition 1) would be upper bounded by the radius of the

smallest ball centered at r, ' X; containing the positions of J; (plus one):
Ri(n,ry) < Ri(n,r,) = maxr | X; — XGl| + 1. (19)
J€Ji

Since 1;(Ny,) = >77_, Ayj is simply the 1-neighborhood size, an initial guess for J;
might be i’s 1-neighborhood. However, this does not generally satisfy (18). To see
why, consider node i = 6 in Figure 1 whose 1-neighborhood is contained in {4, 5, 7}.
Since Dsg = 1, the potential link Asg is non-robust and therefore may differ under the
counterfactual that removes node 3 from the model, even though 3 is not ¢’s neighbor.

Instead we take J; = C;". The pairwise stability of A+ is invariant to the removal
of nodes outside of C;" (see Example 8 and Proposition 11), and under Assumption 8,
A+ remains the selected equilibrium subnetwork on C;" after removal of N,\C;".
That is, for H = C;", Ag = M\ (r;,' T, Co)lg = Nmy(ry, T, Car). Since C; contains
i’s 1-neighborhood, (18) holds.

Step 2. Next we show that |J;| has a distribution with exponential tails. First,
§SA.2.1 establishes that |J;| is stochastically dominated by the size of a certain
branching process when J; is constructed from components and K-neighborhoods
of dyadic networks. Lemma SA.2.6 shows that the size of the branching process has
a distribution with exponential tails using Assumptions 7 and 9.

In the case of average degree, our choice of J; = C;" is the union of a component of
D and 1-neighborhoods in II, as defined in §4, which are dyadic networks. For more

general K-neighborhood node statistics satisfying Assumption 4, the construction of

9A previous version of the paper presents applications to dynamic network formation (Leung and
Moon, 2019), and Leung (2019a) applies the methodology to games on networks.
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J; is more complicated but still involves similar objects. Lemma SA.2.1 in §SA.2.2
shows how to construct J; for a general node statistic satisfying Assumption 4. The

lemmas in §SA.2.2 can then be applied to obtain the desired tail bounds.

Step 3. We translate the tail bound for |J;| into one for R;(n,r,). Intuitively,
if [.J;| is small, then so will be R;(n,r,) since nodes are homophilous in positions
(Assumption 1), so each j € J; will typically be close to ¢ in terms of distance r;, || X; —

Xj||. Lemma SA.2.8 provides the formal argument.

5 Applications to Inference

We discuss two inference procedures applicable to network data generated by the
model in §2. Our results provide the first formal justification for their use in the
subsequent applications.

Since our objective is to establish a CLT, thus far we have made no distinction
between what aspects of the model are known or observed by the econometrician.
In what follows, the only requirement is that the econometrician must be able to
compute the relevant network moments, but it is application-specific which structural
primitives need to be observed for this to be possible.

In the network statistics applications, only A needs to be observed. In structural
applications, V (-) is typically known up to a vector of parameters, A is observed, and
(i; is unobserved, but any subvector of (X;, Z;) could potentially be unobserved. In
particular, the procedures can be implemented when positions are unobserved, as in
the literature on latent-space models. Typically the distribution of the unobserved
component of types, conditional on observables, is assumed known up to a vector of

parameters.

5.1 Network Statistics

Define p19 = E[¢1(N,)] and g = n~1 37" ;(N,,). Consider testing the null hypoth-
esis

Hy: po = p.
This is relevant for the reporting of stylized facts in the networks literature. Such facts

are obtained by computing various statistics from A but are seldom accompanied by
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formal uncertainty quantification due to a lack of available methods. Leung (2022)
discusses two particular examples: testing for nontrivial clustering (his §3.3) and
testing for a power law degree distribution (his §3.4). We next discuss two generic

tests justified by our CLT. Confidence regions for jio can be obtained by test inversion.

Single large network. If the sample consists of a single network, we may apply the
resampling procedure due to Song (2016) and Leung (2022). Let « be the desired
level of the test, R, = (n/2)*3 rounded to the nearest integer, IT be the set of all
bijections (permutation functions) on {1,...,n}, and 7 = (m,)f, be i.i.d. uniform
draws from II. Let V' = n~' 37" (i(N,) — 1) (i(Ny) — f2)', the sample variance.
Define the test statistic

Ry

wTR WV = 1)V (WM — )

r=1

Ty(p;m) =

recalling that dy, is the dimension of the range of 9,,(-). Let z;_, be the 1 —a quantile

of the standard normal distribution. The test rejects if and only if

Tu(pu;m) > 21-q- (20)

Validity of this test hinges on the high-level weak dependence condition that f is
v/n-consistent. Leung (2019b) provides an LLN for £ but not a rate of convergence.
Our paper is the first to provide primitive conditions for 4/n-consistency in the context
of strategic network formation.

For intuition on the importance of y/n-consistency for the test’s validity, consider

a simpler test statistic studied by Leung (2022):
RZ\J
\/ZTM LV

for RM = \/n rounded to the nearest integer. To understand its asymptotic behavior,

Tor(pym) = Y2 () (NG) — 1)
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we add and subtract its mean conditional on the data:

R M

\/R—M Z _1/2 wm ) [wm(l)( n) ‘ {wl(Nn) ?:1])

n r=1

R M

\/W Zl _1/2 ¢Wr ( n) | {wz(Nn) ?:1] _M).

Conditional on the data {;(N,)}",, the permutations 7, are independent, so the

first term is an average of RM conditionally independent observations and can be
shown to be asymptotically (0, I) under Hy. The second is a bias term that can
be shown to equal (RM /n)Y2V ~V2,/n(ji — 11). Hence, under Hy and /n-consistency,
the bias is order (RM /n)Y/2 = o(1).

Multiple large networks. A drawback of the previous procedure is that it is inef-
ficient, having a rate of convergence slower than y/n since RM = o(n). If the sample
consists of sufficiently many independent large networks, then more powerful meth-
ods are available from the cluster-robust inference literature. Consider a sequence
of L independent networks indexed by n, where L is fixed with respect to n and
each network ¢ = 1,..., L has size n, satisfying n,/n — ¢, € (0,0) as n — . Let
ot = n[l Dt i(N,,), the network moment computed on network ¢. Assume there
exists a universal population moment s such that E[if] = po + o(n~Y2) for all .
We seek to test the null Hy: po = p.

We consider the randomization test proposed by Canay et al. (2017). For S, , =
Vne(pf — p) and S, = (Sn)f-;, define the Wald statistic

1 &, 1< N\ 1L
() (e (550

We obtain critical values from the randomization distribution {T'(7S,): 7 € {—1,1}}}
where 7S, = (mpSne)l, for 7 = (m)l,. Let a be the desired level of the test,
q = 2%(1 — «) rounded up to the nearest integer, and ¢y, ;_, be the gth largest value
of {T(7S,): m e {—1,1}*}. The test rejects if and only if

T(Sn) > CLl-a-
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The test is asymptotically level o under the high-level condition that the limit dis-
tribution of the vector of network moments is asymptotically normal. We provide the
first primitive sufficient conditions in the literature for strategic network formation.
Intuitively, under Hy and asymptotic normality, {S,, ¢}/, are independent draws from
a mean-zero, approximately normal distribution. Hence, multiplying these draws by
+1 does not change the asymptotic distribution of 7°(.S,,), which is the key justification

for the validity of randomization tests.

5.2 Structural Inference

We revisit Example 6, which concerns inference on structural parameters using mo-
ment inequalities proposed by Sheng (2020). Recalling the setup there, let 6, denote
the true parameters of V(-). To test the hypothesis Hy: 6y = 6, we test the moment

inequality

:E[wl('/\/’n)] 0 where 1/)11 Z Z 115eslm 117, (90))Qi1,.‘.,im<Tn)7

i2=1 im=1

When the data consists of a single large network, we can employ a test due to
Leung (2022). Let puy be the kth component of pg, ¥ (N,) the kth component of
i(N,), and Ty (pe; ) the U-type statistic defined in the previous subsection but
computed with scalar data {1, (N;,)}" ;. Also let ji; be the kth component of i and
Vi the kth diagonal entry of V. Define the test statistic

Qn(m) = 122}% {Tu,(0;7) — pp1{fix < 0}} where

Rn O N
/vL Mk kk \/m Z ¢ﬂr + wm ( n)) - @‘fkkllui

r=1
Let 71, ..., 7 be ii.d. with the same distribution as 7. Let ¢ = L(1 — a)) rounded up
to the nearest integer and cr ;o be gth largest value of {maxi<r<a, Tvx(fx; o).

The test rejects if and only if
Qn(ﬂ') > CL1l—a-

Theorem 2 of Leung (2022) provides conditions under which the test is asymp-
totically level o under Hy. The main assumption that needs to be verified is 4/n-

consistency of [, which is a consequence of our CLT. Like the test in the previous
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subsection, this procedure is inefficient with a slower than y/n-rate of convergence.
To construct more powerful tests, we require either a consistent estimate of 3, or a

valid resampling procedure, topics we leave to future research.

6 Simulation Study

We conduct a simulation study to assess the quality of the normal approximation
and finite-sample performance of the inference procedures in §5. We simulate data
according to the model in Example 1 with ||-|| equal to the Euclidean norm, 6 =
(1,0.25,1), X; u U([0,1]?), and ¢; w N(0,1). To satisfy Assumption 7, we set
k = 0.80371(q(61 + 02) — q(61)) ! following the notation in Example 9, which implies
|h*|lm = 0.8 < 1. To satisfy Assumption 8, we select the equilibrium network using
myopic best-response dynamics (Example 10) starting from the network IT defined
in §4.1. The model generates networks with fairly realistic properties; the largest
component comprises about 75 percent of the network, while the average degree and
clustering are respectively about 4.3 and 0.4.

We consider equality tests involving the following network moment. Define the
node statistic ¢;(N,) = ¥¢ — b/ where

o A A Ay
%c _ Z]#k;ﬁz Jj4tjk4ik and w,f _ 2 ZAU'
2 ki Aij Ak n—-1:3

Then n~' Y | ¥¢ is the average clustering coefficient, a measure of triadic closure,
while n=t 3" | @sz is the link frequency. The motivation for the network moment
n~tY  i(N,) is as follows. Under the “null” Erdds-Rényi model, the moment is
approximately zero. However, a well-known stylized fact is that real-world networks
typically feature nontrivial clustering in that the statistic is far from zero (Barabasi,
2015). While this fact is based only on the point estimate, the inference procedures
in §5 enable us to formulate this as a statistical test.

We simulate rejection rates for three different tests of hypotheses of the form
Hy: E[Y1] = e against  Hy: E[iy] # cp

where ¢ € (0,1] and p is the true value of E[¢;], computed using 40k simulation

draws. To simulate size, we set ¢ = 1, and to simulate power, we set ¢ € {0.8,0.9}. We
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consider the following tests at the 5-percent level. To assess the quality of the normal
approximation, we use the “oracle” t-test with test statistic (n='>)" ¢ — cu)/o,
where o is the true standard error, computed by taking the standard deviation of
the network moment across 40k simulation draws. We then consider the dependence-
robust test (20) and randomization test from §5.1. The randomization test will use
data from 5, 6, or 8 independent networks of identical size, while the other tests only

utilize data from one of the networks. We simulate size and power using 5k simulation

draws.
Table 1: Simulation results
Size (¢ = 1) Power (¢ = 0.9) Power (¢ = 0.8)
n 250 500 1000 250 500 1000 250 500 1000
Oracle 0.050 0.054 0.048 0.337 0.627 0.915 0.856 0.995 1.000
DR 0.069 0.057 0.058 0.176 0.263 0.410 0.530 0.823 0.981

Rand (8) 0.040 0.040 0.038 0.928 0.998 1.000 1.000 1.000 1.000
Rand (6) 0.028 0.029 0.030 0.672 0.929 0.997 0.993 1.000 1.000
Rand (5) 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
[ 0.393 0.409 0.416 0.393 0.409 0.416 0.393 0.409 0.416
o 0.026 0.018 0.013 0.026 0.018 0.013 0.026 0.018 0.013

5000 simulations. DR corresponds to the dependence-robust test and Rand (z) to the
randomization test using data from z independent networks, all of size n. Oracle cor-
responds to the t-test using the true standard error o.

Table 1 shows the results. From the first three columns, we see that the oracle
t-test controls size well across all sample sizes, illustrating the quality of the normal
approximation. The randomization test (the Rand rows in the table) controls size well
across all n, while the dependence-robust test (the DR row in the table) exhibits some
over-rejection, particularly in smaller samples. Section 6 of Leung (2022) provides
additional simulation results for the dependence-robust test under a variety of data-
generating processes, including a network formation model similar to the present
design. His results show that the test has good properties for different choices of the
tuning parameter R?,,.

The last six columns of Table 1 compare power. The differences between the
oracle and dependence-robust tests are due to the latter’s slower rate of convergence.
A comparison of the power of the randomization and dependence-robust tests is not

apples-to-apples because the former utilizes 5 to 8 times the sample size. However,
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we see that the randomization test requires at least 6 networks to obtain nontrivial

power. These results confirm the discussion in §5.

7 Conclusion

This paper develops a large-sample theory for a model of network formation with
strategic interactions and homophilous agents when the data consists of a small sam-
ple of large networks or possibly a single network. We prove a general CLT under
a high-level weak dependence condition and provide a general methodology for its
verification. We apply the methodology to obtain primitive conditions for a CLT for
moments of pairwise stable networks.

There are several important directions for future work. Concentration inequalities
for stabilization would be useful, for example, for deriving lower-level conditions for
uniform convergence of nonparametric or high-dimensional estimators using network
data. It is also of interest to develop efficient alternatives to the inference procedures

in §5 in the case where the data is a single network observation.

A Bounded Subnetwork Moments

This section formally defines subnetwork counts, introduced in Example 5, and verifies
Assumption 6(a) for these moments. Fix the subnetwork size h € N\{1}, and let a;, be
a connected network on nodes {1, ..., h} (a network is connected if the path distance
between any pair of nodes is finite). For H < N, with |H| = h, we say Ap is
isomorphic to ay if there exists a bijection 7: N,, — N, such that 7(A)y = ay, where
m(A) is the permuted adjacency matrix (A )r(j))ijen,- If Ap is isomorphic to a,
we write Ay =~ ay,.

Let [n], be the set of subsets of N,, of size h. The subnetwork count for ay, is

Z ]-{AH = ah}.

HE[n]h

This counts “unlabeled” subnetworks isomorphic to ay. To rewrite it as a (scaled) net-

work moment > ; 1;(N,,), we observe that this is proportional to the corresponding
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count of “labeled” subnetworks. Formally,

B HAg=ah= > > 0> HAp oy =an). (A1)

He[n]h i1eENR i\QG./\/’n in€NR

The right-hand side counts labeled subnetworks isomorphic to a;, which will be our
object of analysis in what follows.

Equation (5.3) of Sheng (2020) uses subnetwork counts to define moment inequal-
ities. She divides the counts by (Z) since she considers a setting with many small
independent networks. With a single large sparse network, the correct scaling is in-
stead to divide by n, resulting in the network moment n=' > " | 1;(N,,) for ¢;(N,,)
defined in (A.1).

Proposition A.1. Under Assumption 1, Assumption 6(a) holds for node statistics
»i(N,) of the form given in (A.1).

PROOF. Per the setup of Assumption 6(a), let the number of nodes be m + k, where
k € {1,2} and m is either a nonrandom element of N or equal to N,,. The statement
of Assumption 6(a) also considers models where the set of nodes is a subset H,, U {1}
of N1k, but since this only reduces the upper bound in (A.3) below, it is sufficient
to consider H,, = Ny, 41\{1}. Define

GWNoek) = D, o DL YAy = ank. (A.2)
11EN M4k ih—1€ENm+k
Since ay, is a connected network on {1,. .., h}, any node in the network is at most path

distance h — 1 from node 1. Therefore, we can replace occurrences of N, in (A.2)
with A4 (1, h — 1). With this change, (A.2) is bounded above by |N4(1,h — 1)|*71.
Recall the definition of the network M from (35). Since A;; < M;;, A is a

subnetwork of M, so
INa(1,h— 1) < [Nar(1,h — 1) P71 (A.3)

By Lemma SA.2.2, for m sufficiently large, [Nar(1, h—1)| is stochastically dominated
by the size of a branching process |3€%(X1, Z1;h—1)]. By Lemma SA.2.4, the distri-
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bution of |X*(z, z;h — 1)| has exponential tails uniformly in z,z,7. It follows that

INaz(1, b — 1)1 has uniformly bounded p moments for any p > 2. n

B Data Availability Statement

The code underlying this research is available on Zenodo at https://doi.org/10.
5281/zenodo.17807813.
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