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Abstract

An important class of structural models studies the determinants of skill formation and the
optimal timing of interventions. In this paper, I provide new identification results for these
models and investigate the effects of seemingly innocuous scale and location restrictions on
parameters of interest. To do so, I first characterize the identified set of all parameters
without these additional restrictions and show that important policy-relevant parameters
are point identified under weaker assumptions than commonly used in the literature. The
implications of imposing standard scale and location restrictions depend on how the model
is specified, but they generally impact the interpretation of parameters and may affect coun-
terfactuals. Importantly, with the popular CES production function, commonly used scale
restrictions fix identified parameters and lead to misspecification. Consequently, simply
changing the units of measurements of observed variables might yield ineffective investment
strategies and misleading policy recommendations. I show how existing estimators can eas-
ily be adapted to solve these issues. As a byproduct, this paper also presents a general and

formal definition of when restrictions are truly normalizations.
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1 Introduction

Structural models are key tools of economists to simulate changes in the economic environ-
ment and evaluate and design policies. An important class of such models deals with skill
and human capital formation. Human capital formation is a main part of many structural
models and is an important driver of economic growth and inequality (Murphy and Topel
2016), making policies that target skill formation particularly vital. This growing literature,
originating from the seminal papers of Cunha and Heckman (2008) and Cunha, Heckman,
and Schennach (2010), estimates production functions of various skills of children, studies
how past skills, parental skills, and investments affect future skills, and links the skills to
adult outcomes. The results provide valuable insights into determinants of skill formation,
timing of investments, and the design of optimal interventions for disadvantaged children.

A major challenge in these models is that skills are not directly observable, lack a natural
scale, and can only be approximated through measurements, such as test scores. The early
literature has provided sufficient conditions for identification of parametric and nonparamet-
ric versions of these complex models, which is often achieved using a two-step approach.
First, the distribution of skills is identified from the measurements, and the production func-
tion is then identified in the second step (see e.g. Cunha et al. (2010), Attanasio, Meghir,
Nix, and Salvati (2017), and Attanasio, Meghir, and Nix (2020)). To obtain point iden-
tification in the first step, it is necessary to fix the unknown scales and locations of skills.
However, it remains unclear whether these restrictions are still required when combined with
common parametric assumptions on the production function in the second step.

This paper presents a new identification analysis for skill formation models and investigate
the consequences of seemingly innocuous normalizations. Instead of providing sufficient
conditions for point identification using multi-step arguments, I start by pooling all parts
of the model and characterize the identified set of all parameters without the scale and
location restrictions. This approach reveals which parameters are point identified or partially
identified and how the additional restrictions affect the identified set. Notably, I show that
many critical features of these models are invariant to scale and location restrictions, point-

identified without them, and identified under less restrictive assumptions than previously



considered. These results apply to both parametric and nonparametric versions of the model.

The exact implications of imposing scale and location restrictions on parameters and
counterfactuals depend on the model specification and the object of interest. Specifically, a
restriction could be a harmless normalization with one production function, but could impose
strong assumptions with a different one. I thus analyze two popular specifications, namely
the trans-log and the CES production functions. For the trans-log case, it turns out that
standard scale and location restrictions do not impose additional testable restrictions, simply
select an element of the identified set, and many objects of interest are invariant to them.
However, they still affect production function parameters and certain counterfactuals. Since
such restrictions are often arbitrary and tied to the units of measurement of the data, these
features can be hard to interpret, difficult to compare across different studies, and potentially
mislead policy recommendations. More importantly, for the CES case, I show that commonly
restricted scale parameters are in fact identified and setting them to specific values is typically
inconsistent with the data. Consequently, with these restrictions, simply changing the units
of a skill measure (e.g. from years to months) can impact estimated dynamics, persistence
of skills, effects of parental investments, and optimal investment strategies.

In addition to these identification results, I demonstrate how existing estimators can
be modified to estimate all identified parameters. While some parameters remain diffi-
cult to interpret, the modified estimator enables the calculation of point identified features
and counterfactuals that are invariant to scale and location restrictions and to the units of
measurement. [ illustrate these results through Monte Carlo simulations and an empirical
application based on the framework and estimator of Attanasio et al. (2020).

A broader takeaway is that researchers should carefully verify whether imposed restric-
tions are in fact normalizations (as formally defined in Definition 1). This is particularly
crucial in structural models where identification often proceeds in multiple steps, and suppos-
edly innocuous restrictions in one step may unintentionally affect results in subsequent steps.
By focusing on features of the model that are invariant to these restrictions, researchers can
ensure that their findings remain interpretable and comparable across different studies.

Literature: Following the influential work of Cunha and Heckman (2008) and Cunha
et al. (2010), a growing body of literature has studied the development of latent variables.



For example, Helmers and Patnam (2011) study the determinants of children’s cognitive and
non-cognitive skills using Indian data, Fiorini and Keane (2014) investigate how time alloca~
tion affects both cognitive and non-cognitive development using Australian data, Attanasio
et al. (2020) and Attanasio et al. (2017) estimate the effects of health and cognition on
human capital with data from India and Ethiopia/Peru, respectively, and Attanasio et al.
(2020) study which intervention led to gains in cognitive and socio-emotional skills using
Colombian data. This literature provides important insights into the nature of persistence,
dynamic complementarities, and the optimal targeting of interventions.*

In these studies, the measurement system has a factor structure that requires scale and
location restrictions to identify the distribution of latent variables. In particular, Cunha and
Heckman (2008) study a model where the production function is log-linear. They utilize the
two-step identification arguments described above, except that they impose the scale and
location restrictions using an adult outcome to obtain well-defined units of measurement
(“anchoring”). They also discuss which parameters depend on the anchor or its units of
measurement. In this model, I demonstrate that certain policy-relevant parameters, such as
optimal investment sequences, may depend on the specific scales and units of measurements
of the observed variables. I further derive a set of features that is identified under weaker
restrictions on the measures and the production function and without anchoring the skills or
fixing their scales. Importantly, I also provide identification results for alternaive production
technologies, such as the widely used CES production function, where standard restrictions
are unnecessary for identification. In these case, imposing them through an initial period
normalization or through anchoring leads to misspecification.

Common restrictions are to fix the scales and locations of each latent factor in each
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time period by setting parameters in the measurement system.” If the same values are

1See also Cunha and Heckman (2007), Cunha and Heckman (2009), Cunha (2011), Heckman, Pinto,
and Savelyev (2013), Aucejo and James (2021), Herndndez-Alava and Popli (2017), Attanasio, Cattan, and
Meghir (2022) and references therein.

2For example, Cunha and Heckman (2008) and Cunha et al. (2010) set the scale of the first skill measure
to 1 in each period - see the discussion around equations (7) — (8) of Cunha and Heckman (2008) and the
first paragraph on page 891 of Cunha et al. (2010). In addition, as discussed in footnote 17 of Cunha and
Heckman (2008), their identification results rely on either setting one of the location parameters to 0 in each
time period or setting the mean of the skill to 0 in each time period. These restrictions have also been used
in subsequent papers such as Attanasio et al. (2020). The nonparametric identification results in Cunha
et al. (2010) impose analogous restrictions in their Assumption (v) of Theorem 2.



used across all time periods, Agostinelli and Wiswall (2016a, 2016b, 2024) refer to this as
an age-invariance assumption (see Assumption 3(a) for a formal definition or Definition 1
of Agostinelli and Wiswall (2024)). In important contributions, Agostinelli and Wiswall
(2016a, 2016b, 2024) demonstrate that imposing this assumption can yield a misspecified
model when the production function has a known scale and location. They also propose re-
laxations of production functions with age-invariant measures and show that, even without
age-invariance, production function restrictions can yield point identification (see Corollary
1 below and the related discussion). However, in both cases, they impose scale and loca-
tion restrictions in the first period, arguing that these are necessary for point identification.
While this is true for the trans-log production function used in their application, I show
that the scale restriction is not required for the CES production function. Furthermore, I
demonstrate for different specifications that while production function parameters, certain
counterfactuals, and estimated dynamics may depend on specific scales and units of mea-
surements, many key parameters are invariant to these restrictions, including age-invariance,
and are in fact point identified without them.

In independent research, Del Bono, Kinsler, and Pavan (2022) show that with a trans-log
production function, anchored treatment effects are invariant to scale and location restric-
tions and are identified without age-invariance. Through simulations, they also show that
standard restrictions lead to inconsistent estimated treatment effects with the CES produc-
tion function. In the trans-log case, these results aligns with part 4 of Theorem 2 below.
While their proof is specific to the trans-log production function with a log-linear measure-
ment system, my results extend to other cases. Additionally, I show that only skill measures
in the first period are needed to identify anchored treatment effects, reducing the data re-
quirements and assumptions considerably. I also consider other policy-relevant features.
Additionally, for the CES case, I show why standard restrictions can cause misspecification
and describe how existing estimators can be adapted to resolve this issue.

Table 1 of Attanasio et al. (2022) provides a selective overview of specifications and
estimation methods used in well-cited papers in the literature. It shows that with the
exception of Cunha et al. (2010), earlier work predominantly employed the Cobb-Douglas

specification, likely due to the simplicity of the corresponding estimator. Since Attanasio



et al. (2020), there has been increasing adoption of the (nested) CES production function,
facilitated by their computationally simple two-step estimator (compared to the MLE of
Cunha et al. (2010)). Next to the papers in this table, recent contributions using this
approach include Adhvaryu et al. (2023), Bolt et al. (2024), and Gallipoli and Gomez (2023).
The trans-log production function proposed by Agostinelli and Wiswall (2024) is nonnested
with the CES specification and can also be estimated using an IV/GMM approach.

The consequences of normalizations have been discussed in various contexts. In factor
models, while certain restrictions are necessary for point identification (see e.g. Anderson
and Rubin (1956) or Madansky (1964)), Williams (2020) shows that certain features, such
as variance decompositions, can be identified without them. I combine a factor model with
a production function, which provides additional restrictions. Many studies argue and show
in specific examples that critical features should not depend on normalizations, see e.g.
Freyberger (2018) and Komarova et al. (2018). Similar to this paper, but in a very dif-
ferent context, Aguirregabiria and Suzuki (2014) discuss restrictions that were considered
normalizations, but are restrictive assumptions. Kalouptsidi et al. (2021) show that certain
counterfactuals in dynamic discrete choice models are identified, even when the model itself
is not. Rubio-Ramirez et al. (2010) define a normalization in vector autoregressive models to
pin down unidentified signs; see end of Section 2 for more details. Matzkin (1994, 2007) dis-
cusses several examples of normalizations, some of which are motivated by economic theory.
Lewbel (2019) provides an informal discussion of normalizations, which is conceptually very
similar to the formal definition I provide below. When normalizing restrictions are needed
for point identification, there are often multiple ways to impose them when estimating the
model. Good choices can then yield particularly convenient restrictions on the parameter
space (as in Gao and Li (2021)) or even faster rates of convergence (as in Chiappori et al.
(2015)). See also Hamilton et al. (2007) for a discussion on estimation with normalizations.

Structure: In Section 2, I provide a formal definition of a normalization, which to the
best my knowledge currently does not exist in the literature, as well as illustrative examples.
Section 3 contains the identification analysis of different parametric skill formation models.
A nonparametric version is discussed in Appendix D. Sections 4 and 5 contain the Monte

Carlo simulations and the empirical application, respectively. All proofs are in the appendix.



2 Normalizations

I begin by providing a formal definition of a normalization, which serves as a basis for the
subsequent analysis. I illustrate the definition and potential problems using a probit model

and a simple version of the skill formation model.

2.1 General definition and illustration

Suppose we have a model where 79 € T denotes the true values of the parameters and 7T is
the parameter space. Here 7y could be the coefficients in a regression model or the parameters
in a skill formation model. If the model is semiparametric, 7y could also contain unknown
functions. Let Z contain all observed random variables, such as Y and X, with distribution
P(Z). For any 7 € T, the model generates a joint distribution of the data Z, denoted by
P(Z, 7). Since the model is assumed to be correctly specified, the true distribution of Z
is P(Z, 7). The model typically contains certain assumptions, such as functional form or
independence assumptions, but suppose that so far none of the normalizations are imposed.
The identified set for 7o is To ={r € T : P(Z,7) = P(Z,7)}. If Ty is a singleton, 79 is point
identified. We say that 71,7 € T are observationally equivalent if they generate the same
distribution of the data: P(Z, ) = P(Z,1). Let g(7y) be a function of interest, such as a
counterfactual. The identified set for g(7) is T, = {g(7) : 7 € To}. Notice that g(rp) could
be point identified (i.e. 7y, is a singleton) even if 7y is not.

In models with normalizations, 7y is typically not a singleton. A normalization is a
restriction of the form 7 € Ty, where Ty C T is a known set. Hence, a normalization
restricts the feasible values of 7, such as setting an element to 1. I define a restriction to be

a normalization with respect to a function g(7p) if it does not change the identified set of

9(70)-

Definition 1. The restriction 7 € Ty is a normalization with respect to g(mp) if {g(7) : 7 €

ToNTnt=A{g(r) : 7 €T} forall iy € T.

Typically, To N Ty is a singleton. That is, we achieve point identification with the addi-
tional restrictions. Definition 1 then implies {g(70)} = {g(7) : 7 € ToNTn} = {g(7) : 7 € T}



and thus, that g(79) is point identified, even without the restriction 7 € Ty. Since these
restrictions are often arbitrary, 7y is usually not in 7y in which case the restriction 7 € Ty is
not a normalization with respect to 7y, but it can be a normalization with respect to partic-
ular functions of interest. Moreover, the restriction can be a normalization for some function
and not for others. Hence, researchers need to argue that normalizations hold with respect to
all functions of interest, such as all counterfactuals. Finally, a normalization cannot impose
any additional overidentifying restrictions in the sense that if 75 # 0, then Ty N T # 0.

As a simple example, consider the probit model where Y = 1(5y 14 502X > U), var(X) >
0, U | X ~ N(po,02) and o2 > 0. The true parameter vector is 7o = (801, 80,2, fto, 00)" and
Z = (Y, X). Now notice that

P(Y:l|X:x):<1><50’1_“0+’60’2x),

0o 0o

where ¢ denotes the standard normal cdf. Since var(X) > 0, ’BOL—E“O and 5‘2—02 are point

identified. It is also well known and easy to see that

%:{TGR?’XRW:&_MZ&M_MO and@:@}
o 0o g 0o

because all values in 7, imply the same joint distribution of (Y, X).

Since 7y is not point identified, it is common to set ;4 = 0 and o = 1. Using the previous
notation, this means that Ty = R* x 0 x 1 and Ty N Ty = (60(17_;%’ ’800—62, 0, 1) . Clearly, this
restriction is not a normalization with respect to 3y or Sy 2, which are typically not objects

of interest. In fact, in general 79 ¢ To N Ty unless py = 0 and oy = 1. However, this

restriction is a normalization with respect to (potentially counterfactual) probabilities

PY=1|X=2)=0 <50,1 — Ho i 50,2x)
(o) 0o
or, when X is continuous, marginal effects 2 P(Y =1 | X = ). Clearly, these features are
point identified even though 7, is not.
Normalizations may help to provide useful structural interpretations of other parameters.

As an example, suppose there are two covariates, Y = 1(8p1 + [o2X1 + BosX2 > U), and



Bo2 > 0 . Instead of setting 4t = 0 and o = 1, we could impose By = 0 and Sy = 1, which
are also normalizations with respect to marginal effects. In addition, we then obtain a model
of the form Y = 1(X; + Bo,gXQ > U) with 60,3 = Bo.3/Bo.2, which can then be interpreted as
a relative effect (which is also identified without scale and location restrictions).

In the context of vector autoregressive models, Rubio-Ramirez et al. (2010) define a
normalization as a restriction on the parameter space that pins down unidentified signs of
coefficients. These restrictions are imposed in addition to other assumptions, such as long run
restrictions. Just like above, their restrictions do not impose additional testable assumptions
and they can help to provide structural interpretations of certain parameters. Unlike my
definition, it is not clear from theirs whether these restrictions are without loss of generality
in the sense that they do not affect functions of interest. If they do, one would have to argue

why they are reasonable.

2.2 Simple skill formation model

As a more involved example, I now discuss a very simple skill formation model, which imposes
very restrictive assumptions, but illustrates the previous definition and points out the types
of problems that occur in more general models.

Let 6; denote skills at time ¢ and let I; be investment at time ¢, where t = 0,1,..., 7.
We are interested in the roles of investment and past skills in the development of future
skills. Instead of skills, the data only contains measurements of them, denoted by Zy; ,,. In
this section, I first consider the simplest possible model without measurement error and a
single measure Zy,; that takes the form Zy,; = Ag¢11n6;, where {)\97@1}?:0 are unknown
parameters with Ag,; # 0 for all £. In other words, in each period, we observe a scaled
version of log-skills. I also assume that there are three periods (7' = 2) and that investment
is observed. Finally, for simplicity, I parameterize the marginal distribution of skills in the
initial period as Infy ~ N (0, s3), which implies that E[Zp0,1] = 0 and Var(Zso.1) = A5 .155-

I consider two simple production functions without unobserved random variables. First

suppose skills evolve based on the Cobb-Douglas production function:

Inb0iy1 = a; + v In 0y + 2 In 1.



Define the vector containing the true values of all ten parameters as

2
To = (T01, 70,2, - - -, T0,10) = (A0,0,15 Ao,1,1, Ao.2,15 A0, G15 Y10, V20, V11 V215 55)-

Without further assumptions, 7y is not point identified. To see the restrictions imposed by

the obervables, notice that In6, = Zp;1/Mg1 and therefore

Not+11
Ao.t1

"y

29,141,101 = No,i4+1,10¢ + Yt Lo ,1 + Nop41,1Y2e I 1.

Hence, the joint distribution of {Zp 4111, Zo 11, I; }1—, identifies (a) the scaled intercepts of the
production function Ag;4110as, (b) the scaled slope coefficients %’m and Mg 41,172, and

(c) the scale variance A7, ,s3. The identified set can be shown to consist of all parameters

that imply the same values of these identified features as the true parameters. Formally,

To = {7' €T : ToTu = T0,2T0.4, T3T5 = T0,370,55

T2 702 3 T03 o _
—T6 — —T06, 78 — —T0,8, 7277 = T0,270,7, 7379 = T70,370,9,
T1 To,1 T2 70,2

2 2
T1T10 = 70717—0,10}

where the three rows correspond to the three sets of features above. To achieve point identifi-

cation, we could set A\g;1 = 1 for all ¢, in which case the intersection of 7y and the additional
.. . . 70,2 70,3 2

restrictions is the smgleton {(1, 1, ]., T0,270,45 70,3705, 7.0_17—0,67 T0,270,75 ETO’S’ 70,3709, T071T0,10) }

As a simple numerical example, suppose Zp,; = 12In 6§, and
1n0t+1 = 051n0t +05].n_[t

for all ¢, and In 6y ~ N (0, 1). Here 7y = (12,12,12,0,0,0.5,0.5,0.5,0.5,1). If we set A\g;1 = 1,
even though the true value is 12, we essentially treat In ét = Zpi1 = 121n 6, as the skills and

the corresponding production function is

6 =0.5In6, +61n I,

10



The intersections of the identified set and set of additional restrictions is then the singleton
{(1,1,1,0,0,0.5,6,0.5,6,144)} which would be the parameter estimated in practice (instead
of 79). The coefficients in front of investment are thus hard to interpret. For example, using
7o (or setting Ag;1 = 12) one might conclude that increasing investment by 1% increases
skills by 0.5%, but with the restriction A\g;; = 1 that effect changes to 6%. Hence, A\g;1 =1
is not a normalization with respect to these parameters. The coefficient in front of log-skills
is invariant to the scale restrictions, but only because here \g;1 = Ag4411 for all . Notice
that Zy 1 is simply a scaled version of In 6;. If we had an alternative measure with a different
scale (say Zpio = Ag121n6;), we would generally obtain different parameters if we replaced
Zp i1 With Zp,o. This alternative measure could for example result from changing the units
of measurements of Zy, 1, such as using years instead of months of education.

Even though the production function parameters are not identified, there are potential
interpretations that adapt to the units of measurements. For example, the identified param-
eter \giq1.172: tells us the effect of a one unit increase in In(/;) on skills, measured in the

units of Zp 111 (see Section 5 for a specific example). It can also be shown that

Finoyr (@ + 71 In Qo (6y) + yor Iniy) = Frg o116 (Mo11(ar + 71 In Qn(6r) + var Indy))

Aot

) +171 y

=Fz4,011 (Aﬁ,t—&—l,lat + )\—VUQa(Ze,t,l) + Agt+1,172 In i
0,t,1

where i, is a fixed level of investment, Fi,g,,, is the cdf of In 6,11, and Q(6;) is the a-quantile
of #;. Since the right hand side only depends on identified parameters, similar to marginal
effects in the probit model, we can identify how exogenous changes in someones investment
affects her rank in the skill distribution at time ¢ + 1 for a given skill quantile at time ¢.

As another example, first combine the production functions from two periods, write

In 0y = ar +y11a0 + y11710 06y + 11720 In Lo + 21 In 1,
and for a given investment sequence (g, 1) define

In 65 (i, 41) = a1 + y1a0 + 11710 I O + V11720 In g + 721 Indy

11



We can rewrite this equation in terms of identified features as

o Ao Y,
X2 In05(ig,31) = Ng21a1 + Ng 2171100 + ( ’2’1711> ( ’1’1710> Ao,0,1 In 0y
YRR A60,0,1

A ; )
+ ()\972’1720) (Ao.1711) Indo + (2100,2.1) Indy

0,1,1

showing that we can identify the distribution of Ag 21 In6s(ig,%1), which we can interpret as
a counterfactual measure for a given investment sequence. Using this result, we can also
identify the sequence of investment which maximizes expected log-skills. That is, consider

9(70) € R? defined as

9(70) = argmax F [In 05 (i, 41)],
(i0,01)ET

where 7 is a set of feasible investments. Since the maximizer is invariant to changes in scales
and locations of the objective function, g(70) = argmax,, ; ez £ [Ag,2,1 In05(do, i1)], showing
that g(7p) is identified. All the identified features above are invariant to the restriction
Mot1 = 1, implying that A\g;1 = 1 is a normalization with respect to these features.

Next to primitive parameters, some counterfactuals reported in applications are not be
invariant to A\p;1 = 1 either. As an example, suppose the production function for Iné; also

includes an additive interaction term, y3gIn 6y In Iy, in which case it can be shown that
A2 In6s(i0, 1) = Co+ G Inby + (3 Indg + (4 Iniy + GG Inbylnig

for identified parameters {¢;}>_;. Using Infy ~ N(0, s3) it follows that
E[0 (i, z’l)’\‘?’?’l] = exp (Co + (3Inig+ (4 Indy + (G + G In 2'0)2 sg)

but

2
E[05(ig,1,)] = exp ( (Co + G lndg 4 G lndy + (G + G Inidg)? )\So ))

Ao,2,1 0,2,1
which implies that generally argmax ; ez E [62(i0,%1)] # argmax ez E[fa(io, 11)20>"]

Hence, using different scaled versions of log-skills (or different fixed values of A1) results

12



in different optimal investment sequences when studying the skill level.

Finally, consider the CES production function
Ori1 = (V07" + 7o I7) V"

The parameter vector is now 79 = (Ag,0.1, Ao,1,1, A.2.1, 00, T1, Y105 Y205 V11, V21, 3(2)) and we can

write the production function in terms of observables as
_ ot/ Xo 1 0t \Ao,t41,1/0t
exp(Zye+1,1) = (e exp(Zp,,1) SRS STV e I

Due to the functional form restrictions of the CES production function, it can be shown that
To is point identified without any additional restrictions.

Thus, the commonly imposed scale restrictions (Ag,; = 1 for all ¢) lead to misspecifica-
tion unless the true values are all 1. Consequently, imposing this restriction yields different
conclusions for different scaled versions of log-skills (or different fixed values of Ag¢1) irre-
spective of the counterfactual. Similar as in the trans-log case, many important features are
identified without additional restrictions and are invariant to scaling of the measures.

These results generalize to more complicated settings as discussed in the next section.

3 Skill formation models

3.1 Model

I now discuss issues arising from normalizations in a general class of skill formation models.
As before, 0; and I; denote skills and investment at time ¢, respectively. Now neither skills
nor investment are directly observed and we denote the observed measurements by Zy; .,

and Z m,, respectively. Specifically, I consider the model:

(1) 0t+1 = f<9t7[t76t7779,t) t= 07"'7T_ 1
(2) Zotm = Hotm + Nom N0 + €0t m t=0,...,T,m=1,2
(3) Zigm = Prgm + ArgmInl +erpm t=0,....T—1,m=1,2

13



The first equation describes the production technology with a production function f that
depends on skills and investment at time ¢, a parameter vector J;, and an unobserved shock
ngs. The second and the third equation describe the measurement system for unobserved
(latent) skills 6; and unobserved investment I, respectively. Observed investment is a special
case with iy ¢m =0, Arym =1, and €74, = 0 for all m and ¢ in which case Z;;,, = InI;.
Next, I introduce two equations to allow for endogenous investment and anchoring at an
adult outcome. If investment is exogenous, in the sense that 7y, is independent of I;, then

these equations are not needed for the main identification results. That is, let

(4) Inl; = PBor+ Brelnb; + BoyInY; +nry t=0,...,T -1

(5) Q = po+pilnbr+ng

Here Y, is parental income (or another exogenous variable that affects investment) and @
is an adult outcome, such as earnings or education. An adult outcome does not necessarily
have to be available and we can simply use a skill measure in period 7" in its place.

In summary, the observed variables are income {Y;}/_', the measures {Zgtm}i=0.. T im=12
and {Z1¢m}i=o...7—1.m=12, and the adult outcome @, but we neither observe skills {6;}7_,
nor investment {I;}/;'. We also do not observe any of the errors/shocks in the five equa-
tions. The parameters are {Me,t,m,)\e,t,m}tzo,...,T,msz, {,ul,t,m,Al,t,m}tzo,...,TA,m:l,z, {(5t tT;ol,
{Bot, But, Ba}—y'» and (po, p1)-

In the following analysis, I consider the two most commonly used forms for the production

technology in the empirical literature, namely the trans-log production function with
(6) b =ar+ven0 + v Inly +v3 In 6 In 1y + 19,

and parameter vector d; = (a, Y11, Yat, ¥3:) and the CES production function with

(7) Orir = (V07" + 7o I7) "7 exp(g..)

and parameter vector &; = (7Vig, Yar, 0, P¢). When 73, = 0, the trans-log reduces to the

Cobb-Douglas production function.
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I now state several additional assumptions that are common in the literature.

Assumption 1.

(a) {{€o.t:m =0, T;m=12, {Er.t:m }t=0. . T—1.m=12, Mg} are jointly independent and independent

of {{0,}, {I,}]='} conditional on {V;}/ ;.
(b) All random variables have bounded first and second moments.
(c) Elegtm) = Elere,m] = Eleg] = 0 for all t and m.
(d) Notm, Are.m # 0 for all ¢ and m.

(e) Forallt € {0,...,T}, cov(lnby,1In I5) # 0 for some s € {0,...,T—1} or cov(In 0y, In b) #
0 for some s € {0,...,T}\t . Forall t € {0,1,...,T — 1}, cov(In I},In6;) # 0 for some
s€{0,...,T} or cov(In I, In I5) # 0 for some s € {0,...,T — 1}\t.

(f) For all t and m the real zeros of the characteristic functions of €4, ,, are isolated and
are distinct from those of its derivatives. Identical conditions hold for the characteristic

functions of €7, and 7g.
(g) The support of (6, I;,Y;) includes an open ball in R? for all ¢.

(h) Enrs| 0, Y:] =0 and Engy | 0, m14, Y] = kenpy for all t.

Part (a) imposes common independence assumptions on the measurement errors. Im-
portantly, I, and 6, are not independent and /; may be endogenous and contemporaneously
correlated with 7g,. Part (b) is a standard restriction, part (c) is needed because all measure-
ment equations contain an intercept, and part (d) ensures that the skills actually affect the
measures. Part (e) requires that skills and investment are correlated in some time periods.
Sufficient conditions are that cov(Inf;,1,In6;) # 0 and cov(In I;;1,1In I;) # 0 for all ¢. Under
parts (a) and (d) zero covariances of the latent variables are identified because, for example,
cov(Ind;,In6,) = 0 if and only if cov(Zp, 1, Zgs1) = 0. Notice that I only require two mea-
sures in each period. One can drop part (e) by assuming that three measures are available.

Part (f) contains weak regularity conditions needed for nonparametric identification of the
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distributions of skills and investment and that hold for most common distributions. Part (g)
is a mild support condition that ensures sufficient variation of (6;, I;,Y;). Part (h) implies
that Y; can serve as an instrument with identification based on a control function argument,
as in Attanasio et al. (2020). Linearity of the conditional mean function can be relaxed to
allow for more flexible functional forms. Exogenous investment is a special case with x; = 0.

Under parts (a)—(f) of Assumption 1 we get the following result.

Lemma 1. Suppose that parts (a)-(f) of Assumption 1 hold. Then the joint distribution of

({ro,em + Mo MO tio, . mom=12, {pr6m + At In Lt fio, . 71 m=1,2, po + p1 InOp)

is point identified conditional on {Y;}_.

The proof follows from an extension of Kotlarski’s Lemma (Evdokimov and White 2012).
Lemma 1 shows that under Assumption 1, the distribution of linear combinations of log-
skills and investments is identified. However, Assumption 1 does not imply identification
of the parameters in equations (1)—(3), such as ¢;. Below I discuss additional assump-
tions, which have been used in the literature, to achieve point identification of two sets of
parameters: (i) the primitive parameters of the model (1)-(5): {fto.t.m, Ao.t.m fr=o0.... T.m=1.2,
{,Lbl,t,m, )\I,t,m}t:O,...,T—l,m:LZ7 {5t tT:Bl7 {50& Bt ﬁ2t}tT;01, and (Po7 ;01) and (ii) “policy relevant”
parameters, such as how changes in investment or income affect ). 1 consider various com-
binations of assumptions and I discuss in what sense restrictions are normalizations.

There are two separate issues concerning identification and normalizations in this model.
First, the previous literature has focused on sufficient conditions for point identification,
which includes scale and location restrictions. However, it is unclear whether these re-
strictions are necessary. If they instead restrict identified parameters, the model may be
misspecified and estimators are generally inconsistent. Second, even if the restrictions sim-
ply select an element of the identified set, it is important to understand which features are
invariant to arbitrary scale and location restrictions. Although the implications in the CES
case are more interesting, I start with the more transparent trans-log case where only the
second issue arises. As pointed out before, whether or not a restriction is a normalization

depends on the model, and parameters may be invariant in some settings, but not in others.
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3.2 Trans-log production function

In this section I consider the trans-log production function given in equation (6). I first

introduce additional assumptions that are commonly used in the literature.
Assumption 2. A\go; =1 and pgo1 = 0.

Assumption 3.

(a) /\e,t,l = )\0,t+1,1 and Hot1 = Hot+1,1 forallt=0,...,7 -1

(b) s =0and vy +yar +y3e =1forall t =0,...,7 — 1.

Assumption 4.
(a) Adrgp=1and ppy =0forallt=0,...,7 — 1.
(b) Bt =0and By + By =1forallt=0,..., T — 1.

Assumption 2 is usually thought of as a normalization, which is commonly imposed since
log-skills are only identified up to scale and location. Here, I impose the restrictions on
the first measure, which is without loss of generality. Instead of fixing the intercept and
the slope coefficient in equation (2) for ¢ = 0, one could set py = 0 and p; = 1 and thus
“anchor” the skills at ). Assumption 2 anchors the skills at Zy;, but analogous issues
discussed here arise with anchoring at @ (see Section 3.2.4). Without such an assumption,
the parameters are not point identified. Assumption 3(a) states that the skill measures are
age-invariant (using the terminology of Agostinelli and Wiswall (2024) — see their Definition 1
and footnote 10). Assumption 3(b) imposes restrictions on the technology, which Agostinelli
and Wiswall (2024) refer to as a known scale and location assumption in a more general
context. Assumption 4(a) says that an investment measure is age-invariant. Assumption
4(b) states constant return to scale in equation (4), which is a strong assumption and used
for point identification without age-invariant investment measures. If investment is observed
(i.e. Zrtm = Inl;), Assumption 4(a) is automatically satisfied.

I now characterize the identified set of the primitive parameters under Assumption 1 only.

I then discuss point identification under different combinations of Assumptions 1-4 and show

17



that several policy relevant parameters are invariant to the restrictions in Assumption 2 and
are in fact point identified under Assumption 1. Finally, I illustrate why Assumption 2 is

generally not a normalization for the primitive as well as some policy relevant parameters.

3.2.1 Identification

ALLt,1

Define I, = exp(peren)ly and 6, = exp(ug,t71)0;\9’t’1 so that

In ét — HMot,1

Inf, = Mol + Nor11nb, and Ing, =
Aot.1

We can then rewrite the production function in terms of 0~t and ft because

In 041 — fg.p111 B In6; — pig s AR 06, — pgen Iy — pirsa
=@ty  tYrer Y V3 + Mo,

Ao 41,1 Ao,t.1 ALt Ao,t.1 ALt

After rearranging, we can then rewrite equations (1)—(5) as

(8) 1D§t+1 = C~Lt+5/1tlllét+’72thl]~t+5/3tlnétlnjt+ﬁ0,t tzO,,T—l

9 Zosm = fiogm + Ny O, + orm t=0,...,T,m=1,2

(10)  Zrsm = Jirgm + MNamIn L+ €1pm t=0,....,T—1,m=1,2

(11) lnjt = Bot—{-Bltlnét—}—BQtlnn‘l—ﬁ[,t tZO,,T—]_

(12) Q@ = po+plnbr+ng

where

- Ao Hrg R VR TER [4o..1 - Ager1a
Tt = —~— | Vit — V3t ) s V2t = b\ Yot — \ Y3t ), V3t = W%t
It1 0,t,1 0,t,1 I ,t,1

and expressions for all other parameters in (8)—(12) are provided in Appendix A.1. Impor-
tantly, by construction, fig;1 = firs1 = 0 and 5\9,@1 = 5\1,t,1 = 1 and Lemma 1 implies that the
joint distribution of ({ln@,} ., {ln I,}7_,) is point identified conditional on {Y¥;}7 =}, which
then yields identification of all parameters in (8)—(12). These parameters are functions of

the primitive parameters in (1)—(5). The next theorem, which characterizes the identified
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set, states that the identified set consists of all primitive parameters that imply the same

values in (8)—(12) as the true parameters, which is very similar to the probit model.

Theorem 1. Suppose Assumption 1 holds.

1. The identified set of {,ua,t,ma)\O,t,m}t:O,.‘.,T,mzl,% {ﬂ],t,ma)\I,t,m}t:O,...,Tfl,m:LQ; (Po,m);
{Bot, Bues Bar Vgt {ag, Yies Yo, Y by consists of all vectors that yield the same values
of {ﬂe,t,m,S\G,t,m}tzo,...,T,m:Lm {ﬂl,t,m:\I,t,m}t:O,...,T—l,m:LQ, (Po, 1), {BObBlt;BQt}tT:_ol;

and {ays, Y11, or, V3¢ Yo s the true parameter vectors.

2. Let{fig. 1, Mot yio, {161, /_\I,t,l}tT:BI, be fized constants with Ng¢1, A1 # 0 for allt. If

in addition {1p 11, M1 o = {fes1s Nowa bz and {pirs 1, Area Yo = {Br.e1, Maatico

then the identified set is a singleton.

Part 2 of the theorem shows that the parameters are indeed not point identified under
Assumption 1 only and that the sources of underidentification are the ambiguous scales and
locations of skills and investments. For example, without additional assumptions, equations
(1)—(5) and (8)—(12) are observationally equivalent, and we cannot distinguish between the
skills 6, and 6, and the corresponding production functions. Even if investment was observed
(and py4q = 0 for all t), we can then only identify (A 41.m/No.t.m)Y1e, DUt not Mg, and 7y,
separately. Hence, we cannot distinguish between changes in the quality of the measurements
(Mo.t+1.m/Xor.m) and changes in the technology (7y1:). For example, suppose Zp; ., are test
scores. We then cannot distinguish between all children getting smarter or tests becoming
easier. Similarly, we can at best identify vo; up to scale, even with observed investment.

The following corollary states that all parameters are point identified under additional
assumptions. These results are an extension of those in Agostinelli and Wiswall (2024), who

assume that investment is exogenous (in the sense that it is uncorrelated with ng;).

Corollary 1. Suppose Assumptions 1 and 2 hold. Suppose either Assumption 3(a) or As-
sumption 3(b) holds. Suppose either Assumption j(a) or Assumption 4(b) holds. Then all

parameters are point identified.

The corollary also immediately implies that Assumptions 3(a) and 3(b) together impose

additional testable restrictions, which is one of the main contributions of Agostinelli and
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Wiswall (2016a, 2016b, 2024). Contrarily, as shown in Theorem A.1 in the appendix and
illustrated in examples below, if the model is correctly specified and Assumption 1 holds,
then there always exist sets of parameters which are consistent with the data and satisfy
Assumptions 1, 2, either 3(a) or 3(b), and either 4(a) or 4(b). These different sets of assump-
tions therefore impose no additional restrictions on the distribution of observables. While
different sets of assumptions yield point identification and are observationally equivalent, the

estimated primitive parameters are usually quite different, as illustrated in Section 3.2.3.

3.2.2 Invariant parameters

I now show that many interesting features are point identified under Assumption 1 only
because they can all be rewritten in terms of the identified parameters in (8)-(12), as in
Section 2.2. They include summaries of the productions functions and effects of investment
and income on skills and adult outcomes. These features do not constitute an exhaustive
list and there may be many others. To state the formal results, recall that Q,(6;) is the «
quantile of the skill distribution at time ¢ and Fi,,,,)(-) is the cdf of log-skills at time ¢ + 1.
Define sy(on, a2, a3) = ar+ 16 In Qo (01) +72: In Quy (1) +v3¢ In Qg (01) In Qaay (1) + Qg (10,
which are the log-skills in period t+1 for specific quantiles of the inputs in period ¢. Similarly,
let sor(ar, v, a3, y) = ar+v1: In Qo (01) +72e In L (y) +v3¢ In Qu, (0:) In i (y) + Qay (Mo.r), where
InIi(y) = Bot + Pt In Qu, (0;) + BorIny + Qay(nr4), which are log-skills and log-investment,

that depend on a specific exogenously set value of Y.

Theorem 2. Suppose Assumption 1 holds.

1. Fino,.,, (8(a1, a2, 03)) and figi11,m 4 Nogr1,mS1e(0n, o, ag) + Qo (€0,041,m) are point iden-
. 4 ONg 14 1.0m 106 ONg.ts1.m 10
tified for all {a;}i_, € (0,1). W |1,=Qa, (1;) and W |6,=Qu, (60) aTE

point identified for all m,m’.

2. En0t+1(52t(041,042,043>y)) and /Le,t+1,m+)\9,t+1,m$2t(061,0427043,y)+Qa4 (59,t+1,m) are point

identified for all {oy}i_, € (0,1).

3. P(Q < q|0s=Qay(0:), {Ii = Quoy (1)} 5" {0t = Qus, (M0.0) }=,') is point identified
for all oy, {any, as } 2 € (0,1).
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4. P(Q < q|0s=Qa0s),{Y: = w}_.) is point identified for all o € (0,1).

5. Suppose Assumption 3(a) also holds. Then vi; + V3. In Qu(1}) is point identified for all
a and Py + v In Iy < q) is point identified for all g € R.

The function Fiye,,, (a:+v1: In Qa, (0¢) +72e In Qay (1) +v3¢ In Qo (0¢) In Qoy (1) + Qs (10,2))
measures how changes in skills and investment changes the relative standing in the skill
distribution. For example, consider an individual with 6, = Q.1(6;), meaning that the person
is at lowest 10% of the skill distribution at time ¢. Then, given investment I, = Qq.25([;)
and a median production function shock, 7s: = Qos5(Mot), Fines,,(5(0.1,0.25,0.5)) tells us
the relative rank (or the quantile) in the skill distribution at time ¢ + 1. We can then for
example vary the investment quantile and analyze how future skill ranks are affected. This

feature is identified because I show in the appendix that

Fuo, (ar + 71t Qay In(0) + 72 Qap (N I;) + V31 Qay In(0:) Qay (In 1;) + Quy (M0.1))

Fug, ., (@ + 510 Qay (0:) + For 0 Qay (1) + 1 10 Qay (61) In Quy (1) + Qurg (770,0))

Thus, one can estimate the model based on (8)-(12) and calculate the feature using ; instead
of 0;. The estimand then corresponds to the true effect, even if Assumptions 2-4 do not hold.
Once we know the rank at time ¢t + 1 and fix investment and production shock quantiles
in that period, we can identify the skill rank at time ¢ + 2. Using recursive arguments, we
can identify the relative rank in period 7', given investment and production shock quantiles
in all period and a skill quantile in period 0. We could then make statements such as: “A
person at lowest 10% of the skill distribution in period 0 would end up at the 30% quantile
of the original skill distribution in the final period with a particular investment strategy
and median production function shocks.” These statements would allow comparisons of
investment strategies, assessing heterogeneous effects, and choosing optimal investments.
Instead of considering ranks of skills, one can interpret the effects in the units of any
of the measures. For example, changing investment from Qa,(/;) to Qu(I;) changes skills
at time ¢ + 1 such that skill measure m changes by Agir1.m(s1(00, ah, a3) — si(aq, as, as))

(holding everything else equal). We can also identify that a change in investment, which
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corresponds to a 1 unit increase in investment measure m’ at time ¢, affects skills at time

0N, t41,m In0ty1

t + 1 in a way that skill measure m changes by YTy
tm/ 0

|0,=Qu, (6,) (see Section 5 for
specific examples).

The second part is very similar, but it also considers exogenous changes in income.

Instead of considering the skill rank in the final period, we could also look at the dis-
tribution of the adult outcome @ (or, alternatively, one of the skill measures in the final
period). Notice that it is important to condition on the production function shocks, because
investment in endogenous. We can either fix a quantile or average over its marginal distri-
bution since we obtain identification for all quantiles. The fourth part focuses on the effect
of income on skills. Again, we can point identify averages and features of the distribution
such as [ E(Q |05 = 0,{Y; =y }{—,") fo.(0)d6 (which differs from E (Q | {Y; =y }/=,") due

to a potential dependence between {Y; = 3, }/_.' and skills). Also notice that

/E (Q10s=0,{Y: = yi}i') fo.(0)d0 = po + 1 /E (Inbr | 05 = 0,{Y: = y:},5,") fo,(0)d0

Thus, we can identify the sequence {Y; = y,};-,' that maximizes the conditional expected
value of Infp. For this sequence, we do not necessarily need to observe an adult outcome
because we can instead use one of the skill measures in period T'. To identify these features,
one only has to identify the joint distribution of (@, Y3,...,Yr_1, és) For example, when
s = 0, we do not require any skill measures in periods 1,2,...,7.%> Importantly objects

such as [ F (GT | 0s =0,{Y, =y tT:’SI) fo.(0)df are not point identified without the scale

and location restrictions and are sensitive to the specific values used (see Example 2 below).

Remark 1. To summarize the production technology, Del Bono, Kinsler, and Pavan (2022)

show that standardizing skills can lead to features that are invariant to scale and location

3Part 4 of Theorem 2 also implies identification of

[ [ (@10 = 0.5 = V) ) v s Bt
which Del Bono et al. (2022) refer to as “anchored treatment effects”. Del Bono et al. (2022) show that these
effects are identified without age-invariant measures. My results show that one in fact does not even need
any measures of investments or measures of skills in periods s+1,2,...,T (and therefore also no assumptions
on the measurement systems, including age-invariance and independence). In addition, my arguments are
not specific to the trans-log production function and carry over to other settings.
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restrictions and age-invariance. In particular, they show identification of the distribution
of (%r;—rf’gl) /std(Infyy1). One can then make statements such as “increasing investment
by 1%, increases log-skills by = x std(In@,,1)”. Part 1 of Theorem 2 offers an alternative

interpretation in terms of ranks or units of the measures.

Remark 2. Instead of using a two-step approach, where the distribution of a linear combi-
nation of skills and investment is identified first, Agostinelli and Wiswall (2024) substitute
measures into the production function equation and use IV arguments with exogenous invest-
ment (i.e. I; and 7, are independent in (4)). Aside from exogenous investment, there are no
substantial differences between the required assumptions, as both approaches are based on
the joint distribution of the measures. My main contributions are to study the roles of the
scale and location restrictions on the parameters of the model, to show which restrictions
select an element of the identified set, and to provide features that are invariant to them and

are identified without age-invariant measures and restrictions on the production function.

3.2.3 Non-invariant parameters

As shown above, under Assumption 1, there exist different sets of observationally equivalent
parameters that cannot be distinguished using the data. I now illustrate with two examples

that the resulting primitive parameters and counterfactuals might differ considerably.

Example 1. For simplicity, I assume that investment is observed and exogenous. In this
case, Assumption 4(a) holds. I first consider a data generating process (DGP) satisfying
Assumptions 1, 3(a), and 3(b), but not Assumption 2. I then construct two alternative
sets of parameters, both of which are observationally equivalent to the original DGP. One
of these sets of parameters satisfies Assumptions 1, 2, and 3(a) and the other set satisfies

Assumptions 1, 2, and 3(b). Specifically, first assume that

1 1
Inb,, = 5 In6; + §1n]t + 7ot

Zos1 = Inb 44

Here, I set a; = tg+.m = po = 0 and focus on the scale restriction in Assumption 2 only. For

brevity, I omit equations for investment, additional measurements, and the adult outcome.
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Measures often do not have a natural scale. For example, we could divide all test scores
by its standard deviation or we could measure education in months rather than years. One
would then hope that changing the units of measurement does not affect the economic
interpretation of the results. As a specific example, suppose we estimate the model using a

scaled version of the measures, namely Zy,, = 12297,5,1. Then for all ¢

1 1
Inb,, = 5 In6; + §1n]t + 7ot

Z@t,l = 121H9t+89,t’1

where €41 = 1269,1. Without knowing the true DGP, one would typically impose assump-
tions that yield point identification when estimating the model. By Corollary 1, one could
use either Assumption 3(a) or 3(b) next to Assumptions 1 and 2.

[ first construct parameters satisfying Assumptions 1, 2, and 3(b) using Theorem A.1 in

the appendix, which implies that there are {f,}7_, such that

In §t+1 = A ln 0; + (1 — ) In 1y + 7y

Zota = MogaInb+eppn
where

(1o, 11, T2, T3, J1as - .) = (0.077,0.351,0.435, 0.470, 0.485, .. .)

(N.0.15 o115 M2t Moz, Moats---) = (1,6.5,9.25,10.625,11.3125, .. .)

Moreover 73y — v1; = 1/2 and 5\9,1‘/71 — Xgt1 = 12 as t — oo. Imposing the restriction
5\970,1 = 1 means that we estimate a model with alternative skills Inf, = 121n 6, and that we
obtain different parameters and skill distributions. Although these two models suggest very
different dynamics, they generate identical measurements. Since the true DGP is unknown,
the primitive parameters are therefore hard to interpret. For example the coefficient in front
of investment in the original model might be interpreted as: “increasing investment by 1%,

increases skills in the next period by 0.5% and the effect is the same for all time periods” (see
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e.g. Agostinelli and Wiswall (2024) for these interpretations). Contrarily, one might interpret
the coefficients in the alternative model with Assumption 2 as: “increasing investment by 1%
in period 0, increases skills in period 1 by 0.923% and increasing investment by 1% in period
4, increases skills in period 5 by 0.515%”, suggesting that investment is more beneficial in
early periods. To obtain interpretable parameters, notice that a one unit increase in In(1;)
leads to an increase in skills that corresponds to a Ag ;41172 = 6 units increase in Zy ;411 or
a 1/2 unit increase in ZQ,HLI. This effect does not depend on the set of restrictions and its
interpretation adapts to the units of measurement.

The consequences of imposing Assumptions 1, 2 and 3(a) are discussed in Section 2.2,

which shows that the production function becomes In étﬂ = %ln ét +6In1; + 7.

Example 2. I now use a more involved DGP from Section 4, which is based on the simula-
tions of Attanasio et al. (2020).% In this setup 7' = 2 and Assumptions 1, 2, 3(a), and 4(a)
hold. Importantly, one skill and one investment measure have loadings of 1. Now suppose
Y, represents income, we can exogenously increase the sum of income of each individual in
periods 0 and 1 by two standard deviations, and we want to distribute that income op-
timally across the two periods. Denote the skills in period 2 as a function of income by
05(Yo + wz,Ys + (1 — w)zx), where Yy and Y are the original incomes, x is the additional
amount to be distributed, and w is the share invested in period 0. The left panel of Figure

1 shows
E[62(Yo + wx, Y1 + (1 — w)z)] — E[f2(Yo, Y1)]
sd(02(Y0, Y1))

as a function of w. That is, the y-axis shows the increase in the mean measured in standard
deviations. The black line shows the effect using the true parameters, leading to an optimal
income share of around 32% in period 0. Next, I multiply all skill measures Zy:, by sg
and reestimate the model. Scaling the measures has identical effects to imposing Mg o1 = 1,
when the data is generated with a loading of sy. The implied effects of increasing income
for sy = 2/3 and sy = 2 can be seen in the left panel of Figure 1 as well. Depending on the
scale, we obtain inefficient optimal investment choices or erroneous benefits of investment.

Intuitively, the reason is that we now maximize E[6;(Yy + wz,Y; 4+ (1 — w)z)] = E[0,(Yy +

4In Section 4 I use a CES production function, as do Attanasio et al. (2020), but for this numerical
examples I use a trans-log production function that leads to similar observed data.
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Figure 1: Mean response for different weights
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Notes: This figure shows changes in standardized means of the level (left panel) and the log (right panel)
of skills for different income transfers and different scales of log-skills.

wz,Y) + (1 — w)z)®] which is not invariant to sp. While such counterfactuals could be
relevant if a welfare function is a function of the skill level, they are not identified without
fixing the scales and locations and then depend on the units of measurements of the data.
The right panel contains results for the log-skills rather than the level. As discussed below
Theorem 2, in this case, the optimal income sequence does not depend on the scale of the
measures, because the production function is sufficiently flexible in log-skills. In addition,

dividing by the standard deviation, implies that the objective is invariant to the scale.

3.2.4 Anchoring

Consider equations (8)-(12) and recall that fig,o = fizs0 = 0 and Ageo = Ajeo = 1, and the
parameters in this system of equations are point identified by Theorem 1. Now define i

such that In 1§t =po+p1ln ét. We then get

Gy = o+ pras — o + T s + prie In I + Fa n 9, In I, + prijg,
GoNotm  Notm . ~
Po ~49,t, i Git, Ind, + e,
-~ P1 } P1

Zrgm = frgm +Agm Il +erem

ZH,t,m = ﬁ@,t,m_

Inl, = fo— ”Of” + %m&t + By InY; + iy
1 1

Q = Indp+ng
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Cunha and Heckman (2008) estimate a model for In#J; which anchors the skills at Q. Their
identification strategy is equivalent to using Assumptions 2 and 3(a) and imposing pg = 0
and p; = 1 instead of Assumption 2. Anchoring can help with the interpretation of certain
parameters of the model. For example, when F(Q | In 1§T) = Ind7, then an increase of In Jr
by one corresponds to a one unit increase in the conditional expectation of (). However, as
illustrated in Example 2, investment or income sequences that maximize the expected levels
of skills depend on the units of measurements of the anchor.?

As discussed by Cunha and Heckman (2008), 4; is invariant to the anchor. However,
without Assumption 3(a), 7y, is typically not equal to vy;. The coefficient in front of in-
vestment is hard to interpreted because it depends on the specific anchor and its units of
measurements (as also noted by Cunha and Heckman (2008)). Moreover, skills can be an-
chored at the adult outcome, but not investment, and many of the estimated parameters also
depend on the units of the investment measures. While anchoring makes most sense under
Assumption 3(a), in which case the skills in all periods are in the units of @), we could instead
use Assumption 3(b) to achieve point identification. In this case different adult outcomes
or different units of measurements lead to different coefficients that possibly suggest very

different dynamics, just as in Example 1.

3.3 CES production function

I now discuss the CES production technology, where

(13)  O1 = (17 + 7aeI7) 7 exp(o,) t=0,....,T—1
(14)  Zptm = Hotm + MNotm N0+ Egtm t=0,....,T,m=1,2
(15)  Zrtm = fitm +AgmIL+Erim t=0,....T—1,m=1,2
(16) Inly = Bor+ Bulnb,+ P InYs +nrs t=0,...,T—1
(17) Q@ = po+pilnbdr+ng
5The identification arguments are fundamentally different if the anchoring equations was in levels instead
of logs of the skills. That is, if Q = po + p160r + 1o = po + 0—11”%@;/)\6,11 +ng. In this case it can

exp(to,r,1)
be shown that the joint distribution of (Q,0r) is identified, which identifies A\g 71. Thus, the distribution
of O7 is identified up to a scaling factors, which implies that even sequences of income or investment that
maximize the level of skills are identified.
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where o; # 0, y1; # 0, and 79, # 0 for all ¢. The measurement system is linear in In6; (as in

Cunha et al. (2010) or Attanasio et al. (2020)) to ensure that estimated skills are positive.

3.3.1 Identification

Similar to the trans-log case, define 0, = exp(,ug,t,l)ef‘g’t’l so that

1
0.t1 \ ;X
0, = exp <——'l; > 6, .
0,41

Similarly, let I, = exp(p I,t,l)[t)\ b1 We can again rewrite the production technology in terms

of 6, and I,. That is, we can rewrite equations (13)—(17) to

(18) 6y = <’~y1t€~;9’t’1 + %tit“vﬂ) " exp(iiny) t=0,...,T—1

(19)  Zoym = flogmm + Nt 00 + o1 t=0,....,T,m=1,2
(20)  Zrsm = firgm +AamI L+ Erim t=0,....,T—1,m=1,2
(21) Inl, = Bo+ Brelnby + Boy InY; + 71, t=0,...,T—1

(22) Q = po+plnbr+1g

where

Fne = Y1t €XD (0 ( Mo t+1,1 Me,t,1)> and A = Yar €Xp (a < 1o t+1,1 Mf,m))
1t — "J1t t - 2t — 2t t -

Notr11%e Ao A1 A
and the other parameters are defined as in the trans-log case. Using the identified joint

distribution of ({In;} ., {In I,}”_,) and the restrictions imposed by the production function,

the following theorem characterizes the identified set of the finite dimensional parameters.

Theorem 3. Suppose Assumption 1 holds.

(a) The identified set of {Me,t,m )\e,t,m}tzo,...,T,m=1,2; {,ul,t,m: )\I,t,m}t:O,...,Tfl,m:LZ; (Po, Pl);
{Bot Bues Bat Yiats {716 Yor, 0, W}y consists of all vectors that yield the same values of

~ 3 ~ 3 S~ ~ x o or \T—1
{u@,t,my A@,t,m}tzO,...,T,m:l,Q; {Ml,t,ma )\I,t,m}t:[) ..... T—-1,m=1,2, (pO; ,01)7 {’711577215’ )\921’ )\Iz L Jt=0>

oy \T—-1
Xo,t+1,13t=0"7

and {B@t, Bis, BQt}Z;_Ol as the true parameter vectors.
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(b) Let {figs1}ro, {firen}tizg, and {dos1}l, be fived constants with Ngs1 # O for all t.
Under the additional restrictions {p941}i—o = {fios1}iy and {,uml}fz_ol = {ﬁ17t71}tT:_()1

and {1}y = {Nosa Ly the identified set is a singleton.

An important implications of part (a) is that the fraction :\\fzi = /\‘;’Z’l /\10;,1 is point
identified for all ¢ = 1,...,T — 1. Hence, if we restrict A\g;1 to a constant, A;;; is identified,

which is very different to the trans-log case. Intuitively, since skills and investment have
the same exponent in the CES production functions, the relative scale is identified by the
functional form restrictions.

As before, I now introduce additional assumptions to achieve point identification.
Assumption 2’. Ao, =1 and pgo1 = 0.
Assumption 3’.
() por1 = pogp1q forallt=0,..., 7 —1
(b) vit+yar =1forallt=0,...,7 —1.
Assumption 4’.
() prrsq = prsp10 =0forallt =0,...,7 —2.
(b) Boy =0forallt=0,...,7 — 1.
Assumption 5’°.
(a) Xot1 = Ageq11 forallt=0,...,7 — 1.
(b) Yy =1forallt=0,...,7 —1.
The following result shows how point identification can be established.

Corollary 2. Suppose Assumptions 1 and 2’ hold. Suppose either Assumption 3’(a) or As-
sumption 3°(b) holds. Suppose either Assumption 4°(a) or Assumption 4°(b) holds. Suppose
either Assumption 5°(a) or Assumption 5°(b) holds. Then all parameters are point identified.
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A common restriction with the CES production function is to set ¢, = 1 for all ¢ (see e.g.
Cunha et al. (2010) and Attanasio et al. (2020)). In this case, Theorem 3 implies that %
is point identified. Hence, assuming age-invariance (i.e. Ags411 = Ag1) is not required, and
it is in fact testable. Moreover, with ¢, = 1, Corollary 2 implies that the only scale restriction
needed is Agp; = 1 (or alternatively A;o; = 1). Nevertheless, it is common practice to set
Mot1 = Areq = 1 for all ¢, which are not normalizations, but restrictive assumptions (even
if ¢, # 1). Setting the scales to different numbers or changing the units of measurement
of the data then affects all estimated parameters, optimal investment sequences, and other
counterfactuals. Similarly, if the scale of investment is fixed, we cannot anchor the skills at
the adult outcome, unless p; = 1, which can only be true for one specific unit of measurements
(see Appendix B.1). The exact consequences of imposing unnecessary restrictions depend
on the estimation methods used, and I discuss specific examples in Sections 4 and 5.

As shown in Theorem A.2 in the appendix and illustrated in examples below, if the model
is correctly specified and Assumption 1 holds, then there always exist sets of parameters
which are consistent with the data and satisfy Assumptions 1, 2’, either 3’(a) or 3’(b),
either 4’(a) or 4'(b), and either 5’(a) or 5’(b). Similar to the trans-log case, different sets of
assumptions yield observationally equivalent models with potentially very different primitive

parameters.

3.3.2 Invariant parameters

As in the trans-log case, important policy relevant parameters are point identified un-
der Assumption 1 only, because they can all be written in terms of identified features.
Similar to before, now define s1;(aq, g, a3) = (71:Qa, (01)7 + 7%@&2(]75)”)% exp(Qas(Mo.4))
and sy (0, a9, a3,y) = (71:Qa, (01)7 +’ygtlt(y)‘”)% exp(Qa,(Mp¢)) where InIy(y) = Bor +
BieIn Qa, (01) + Bor Iny + Qay (01,4)-

Theorem 4. Suppose Assumption 1 holds.

1. Fo,, (sulon, as, a3)) and pogirm + Nogrrm Insi(an, as, as) + Qa,(€051,m) are point

. . ONg.t41.m 00
identified for all {ocj}?:l € (0,1). Moreover, —g/’\t:’m/lr;;:l |9t:Qa1(9t),It:Qa2(It) and

8)‘9,t+1,m1n Ot 41

VAT 10,=Qu, (00).11=Quy (1) @TE point identified for all m,m’ and {ozj}§:1 € (0,1).

30



2. Fy,, (sac(on, g, 3,9)) and fig t41,m+Not41,m I so¢ (a1, o, g, ) +Qay (€0,641,m) are point

identified {a;}j_, € (0,1).

3. P (Q < q | 0t = QOCI (015)’ {]s = Qazs (IS) Z:_tlv {779,5 = Qazss (779,5)}3:_151) is pOZ"th identlﬁe‘i
for all ay, {ans, s} 151 € (0,1).

4. P (Q <q|0y=Qu(0),{Y: = yt}tT:_Ol) is point identified for all o € (0,1).
5. If in addition either Assumption 5°(a) or Assumption 5°(b) holds, the distributions of

81n9t+1 i 0
alnet N 81n9t

6ln9t+1 . 0
aln]t N 8ln]t

1 1
In (707" + v I7) ot and In (71,07t + o It ot

are point identified and

Jlnéd 0 1
b, = O (b 4 )
DO 1n6,=Qa; (In6:),In [,=Quay (In I;) Gt In6;=Qa, (In6),In I,=Qa, (In I¢)
and
Olnd 0 i
Tl = Dt 4 )
DLt | n0,=Qay (n6:),In [;=Qa, (In Ir) Ly I 0:=Qu; (I 0¢),In I;=Qu (In I

are point identified for all aq,ay € (0,1).

The features in parts (1)—(4) are analogous to those in the trans-log case and can be
used to calculate optimal investment/income strategies and anchored treatment effects, as
discussed after Theorem 2. As opposed to the trans-log case, now the relative scales of
skills and investment are point identified. Consequently, elasticities are identified under

Assumption 1 and either age-invariant skill measures or ¢; = 1 only.

3.3.3 Non-invariant parameters

To achieve point identification of all parameters, we need to fix the levels of the logs of skills
and investment, e.g. by setting ppo1 and pp 1 to 0. Similar to the trans-log case, these
restrictions are generally not normalizations for the primitive parameters. In the example

below, I illustrate that with the restriction 74 4+vy2; = 1, setting 1901 = 0 can imply different
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dynamics. Here pp 01 (and not Mg 1) affects the scale because we can identify the distribution

of 0, = exp(,ugi,l)@;\ %! and the production function is in levels rather than logs of 6,.

Example 3. The issues with the restriction j90; = 0 in the CES case are analogous to the
issues with the restriction A\gp; = 1 in the trans-log case discussed in Example 1. I now
consider a numerical example analogous to Example 1 and focus on the measurement and

the production function only. That is, suppose that

2
Z@tm = 111(12) + In 915 + €0,t,;m

1 1
Op1 = (59:: + _]t> exp(no,t)

Notice that Zy;,,, = In(126;) 4+ €g.t.m. Let ét = 126,. Just as in Example 1, we get

Opp1 = (71@ + (1 — %t)ft) exp(7,¢)

ZH tm /]G,t,m +1In ét + €0,t,m
where (510, 311, 712, 1, - ) = (0.077,0.351,0.435,0.470, . ..) and

(exp(fio.0.m), exp(fi1,0.m), €xp(fi2.0.m), €Xp(f3.0.m)s - --) = (1,6.5,9.25,10.625, .. .).

Just as in Example 1, these two models are observationally equivalent, but suggest very

different dynamics.

4 Monte Carlo simulations

I use a very similar data generating process as Attanasio et al. (2020). In particular, I use

1
Ori1 = Ae (707" + (1 — ve) I7*) 7t exp(n,)

for t = 1,2. Allowing for A; # 1 is equivalent to not imposing the restriction that the coeffi-
cients in front of 8; and I; sum to 1. Since I want to study income transfers as counterfactuals,

I augment the setup of Attanasio et al. (2020) and add In I, = Sy In 6, + Bo In Y 41y 4, where
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Yo = Y1. To simulate data, I first draw (In(6p),In(Y")) from a normal mixture distribution.
Given (In(6p),In(Y)) and normally distributed 7y, and 7, I then generate Iy, 6y, I;, and
0y using the model. If In I, was equal to InY;, the setup would be exactly equal to that of
Attanasio et al. (2020) with parameters as in their Table 9, which are based on their em-
pirical results, and I use oy = 01 = —0.5.5 T deviate slightly from their setting by using the
additional investment equation with 8y, = 0.1, 8o = 0.9, and 77, ~ N(0,0.1?). T simulate
three measures each for 6, and I;, which have a factor structure with ppsm = prem = 0
for all m,t. In addition Ags1 = Ars1 = 1 for all ¢, which imposes the scale restrictions and
the age-invariance assumptions. In Attanasio et al. (2020), all of these loadings are also
“normalized” to 1 in their estimation procedure. In particular, they first estimate the dis-
tribution of the measures and of log-income using a normal mixture model. Then, assuming
that (In(6y),1In(6y),In(62),1n(1y),In(l;),In(Y)) also has a normal mixture distribution, they
use the factor structure and the restrictions to estimate that distribution.” Lastly, they take
draws from the distribution and estimate the production function parameters by nonlinear
least squares. I implement their estimator and my more flexible approach.

For my approach, I use the estimation procedure explained in Appendix C.2, which
simplifies in this setup because investment is exogenous (and thus, x;, = 0). Moreover, to
focus on the scale restriction only, I set pg+m = fi1,¢m = 0 for all m and ¢. Finally, I impose
that the first skill measure and the first investment measure are age-invariant. I then set
At = 1 for all ¢, and estimate g . I therefore impose Assumptions 2’, 3’(a), and 4’(a), as
well as both parts of Assumption 5. While only one part of the last assumption is needed
(i.e. age-invariance of the measures could be dropped), they are both satisfied in this setup.

I then estimate A\g = Ay along with the production function parameters by solving

T J 2
. 0 )\ 5% o
arg min E E (111 Ori1,; — In(Ap)Ng — ;9 In (711592? +(1- 72'5)]75,;‘))
t

A6,1,01,02,711,721,711,721 41 5

6T use slightly different notation to be consistent with the notation above. Specifically, the periods are
t =0,1,2 instead of t = 1,2,3, I use I; instead of X; for the second latent variable, and I use o; instead of
pt to denote the elasticity of substitution. The distribution of (In(6p),In(Y")) is the same as the distribution
of (In(fp),In(X)) in Attanasio et al. (2020).

"Interestingly, one can see from the DGP that (In(f),In(61),1n(f;)) does not have a normal mixture
distribution due to the nonlinear production function, but this misspecification bias seems to be relatively
small in this simulation setup.
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where étu‘ and ]~t7j are draws from the estimated distribution of skills and investment using
the estimator of Attanasio et al. (2020). Similarly, we can estimate f(;; and [y from a
regression of I, ; on 6, ; and Y.

In the following, I will investigate the effect of multiplying the skill measures by a single
constant sy in all periods, which changes the loadings, but not the age-invariance assumption.

For example, the first measure, say 297,571, is generated by
Ze,m = log(6:) + €p.11
but when I estimate the model, I use
Zyin = S0Zps1 = 5010g(0:) + S0€0.11,

which is also an age-invariant measure. The estimators still impose that the loadings are
equal to 1 (A\j;1 = 1 for all ¢ with my estimator and A\p;; = 1 and A;;; = 1 for all ¢ with
the estimator of Attanasio et al. (2020)). Of course, in practice, we do not know the DGP
and there is no reason to believe that the true loading is 1. Ideally, the restriction should be
a normalization in which case the results would be invariant to scaling the data or changing
its units of measurement. However, Corollary 2 implies that the estimator of Attanasio
et al. (2020) is inconsistent. I consider the implications for elasticities and counterfactual
predictions, which are point identified (as shown in Theorem 4) and are invariant to the
scaling when using the new estimator.® I take sy = 1, which is the correctly specified model,
as well as sy = 2/3 and sy = 2. I report average estimates from 500 simulated data sets.

To summarize the production function estimates I report d1n(;)/91In(6y) as a func-
tion of quantiles of In(6y) and evaluated at the 25th and 75th percentile of I as well as
J01n(h2)/01In(1;) as a function of quantiles of In(1;) and evaluated at the 25th and 75th per-
centile of 8;. Figure 2 displays these partial derivatives for the true parameters, the 2-step
estimator of Attanasio et al. (2020) with different values of sy, and the invariant estimator

that also estimates the scale. In this and the following figures, the results obtained with the

8These features are also invariant to scaling the investment measures with my estimator and I could have
set Ag 1 instead of A7y 1 to 1.
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Figure 2:
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Notes: This figure shows 01n(61)/01n(6y) as a function of quantiles of In(fy) and evaluated at the 25th and
75th percentile of Iy as well as 91In(62)/91In(I1) as a function of quantiles of In(I;) and evaluated at the
25th and 75th percentile of #; using different estimators.

invariant estimator are always almost identical to those with the 2-step estimator and sy = 1
and very similar to those with the true parameter values. Moreover, the invariant estimator
adapts to the scale change. Contrarily, the figure illustrates that small changes in the units
of measurements can have a large effect on the results when using the 2-step estimator. One
interesting finding is that the 2-step estimator underestimates the partial derivative with
respect to In(fy) at the 25th percentile of I for sy = 2/3 and overestimates it for sy = 2.
As a first counterfactual, consider an individual, whose value of 6y equals Qo .1(6p) and all
unobservables are 0. I then exogenously change the income sequence of that individual and
check the implied quantile in the skill distribution in period 2. Of course, the larger income,
the higher the relative rank/quantile in the last period. I report results where a feasible

choice of income in each period is a given quantile (that will be varied). Instead of using the
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Figure 3: Response to income changes and optimal shares
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Notes: The figure shows the estimated effects of increases in income on the quantiles of skills in the last
periods using different estimators. The left panel shows the quantiles for different income levels and the
right panels shows the corresponding optimal income shares in period 0.

feasible choices, I distribute the total income among the two periods to maximize the skill
quantile in the last period. The second part of Theorem 4 implies that these counterfactuals
are point identified, can be consistently estimated with the invariant estimator, but the
results with the 2-step estimator of Attanasio et al. (2020) will depend on sy.

The left panel of Figure 3 shows the quantile as a function of the feasible income quantile
(0.5 is the median, etc.). Using the true parameters, we can see that, even for large income,
the quantile in period 2 is at most around 0.26 and is almost flat below the median. The
right panel of Figure 3 displays the corresponding optimal income shares in period 0. With
the true parameters, income should be similar in both periods. The 2-step estimator with
sp = 1 and the invariant estimator (irrespective of the scale) yield similar conclusions for
the optimal income sequence, but have a small bias for the estimated quantile in period 2
(due the approximation error of the joint distribution of the measures/skills as mixtures of
normals). Figure 3 also demonstrates that changing the units of measurement can lead to
inefficient income transfers when using the 2-step estimator. For example, with sy = 2/3
the results suggest that we should mainly invest in ¢ = 0, and with sy = 2 it appears

that we should mainly invest in ¢ = 1. Moreover, the estimated gains of income transfers are

36



misleading in this case. The inconsistent estimates in the left panel suggest that large income
transfers can increase the quantile to almost 0.5 in period 2 when sy = 2/3. Contrarily, with
sg = 2 we would underestimate the effect. Importantly, the results for the new estimator are
invariant to changes in the units of measurements.

Next, I consider how exogenous income changes affect the skill distribution. To do so,
I take draws from the estimated joint distribution of income and skills in period 0 (based
on the average of the estimated parameters to get representative results) and consider four
counterfactual marginal income distributions. First, I increase everyone’s income by two
standard deviations in period 0. Second, I increase everyone’s income by two standard
deviations in period 1. Third, I set income to the median for everyone in both periods.
Fourth, I increase income by two standard deviations in both periods, but only if the initial

skill and income quantiles are below 0.5. I set all unobservables to their median values. I

Figure 4: Outcome distributions under different investment sequences
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Notes: The figure shows counterfactual outcome distributions. Each panel displays the distribution with
the original income distribution and a counterfactual income distribution.
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report results for the invariant estimator only.

Figure 4 shows the implied distributions of one of the skill measures in the final period
(which could be a test score or an adult outcome in an application). These results depend
on and should be interpreted relative to the units of measurements of that measures. Figure
4 is based on sy = 1. One can see that increasing income in either of the first two periods
has very similar effects and leads to an increase in skills. Since everyone’s income increases,
everyone is better off. If everyone receives the mean income, the variance of the outcome
distribution decreases considerably. If we only increase income for people with low initial

skills and income, then predictably only the lower tail of the distribution will be affected.

5 Empirical illustration

In this section, I illustrate the previous findings by replicating some of the estimates of
Attanasio et al. (2020) and showing how changing the units of measurements of the data (or,
equivalently, changing the scale restriction) affects parameter estimates and counterfactuals.
Attanasio et al. (2020) estimate production functions for cognitive skills and health of
children with past skills and health as well as parental investment, health, and skills as
inputs. They use the CES production function with ¢, = 1. Theorem 3 and Corollary 2
imply that most scale parameters are identified and one only has to restrict the loading of
one latent variable in one time period to 1. Attanasio et al. (2020) set a loading for each
observed factor in each time period to 1. Specifically, they write on page 2520: “One way to
meet this condition is to normalize each factor on the same measure every period, assuming
that the mapping from measure to factor is invariant with respect to the age of the subject.
Fortunately, our data are sufficiently rich that we are able to do this for our model. For child
cognitive skills, we always normalize the loading on PPVT to one. Similarly, child health is
always normalized on height z scores, investments are normalized on amount spent on books,
parental health is normalized on mother’s weight, parental cognitive skills is normalized on
mother’s years of schooling, and resources are normalized on income.” These restrictions
already take the considerations of Agostinelli and Wiswall (2016a, 2024) into account.

I consider two changes of the units of measurements. First, I scale book expenditures
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Figure 5: Marginal Product of Investment on Cognition Age t + 1

(a) AMN scale (b) Investment in 100 INR (c) Scaled test scores
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Notes: The figure shows marginal products of investment on cognition. The y-axis represents the impact
on cognition, in standard deviation units, of increasing investment by one standard deviation. Panel (a)
corresponds to the left panel of Figure 4(a) of AMN. Panels (b) and (c) are based on book expenditures in
100 INR and scaled test scores, respectively.

used to anchor investment. In the descriptive statistics in their Table 2, Attanasio et al.
(2020) report expenditures in USD, but estimation is based on a standardized version of the
expenditures in INR.? Since the authors write “we use the same measurements at every age
and we normalize on the amount spent on books” (p. 2524) and “our investment measure is
measured in monetary units, reflecting cost” (p. 2526), it might not be clear to readers which
units the results are based on. Ideally, scaling a measure in this way does not affect the main
results, but I show that some of the main results are sensitive to using these standardized
expenditures instead of book expenditures in 100 INR.1® Second the estimates in the paper
are based on a standardized PPV'T test score. I reestimate the model after multiplying all
test scores by 3, which implies a variance of the scaled scores that is still well below the
variance of the actual PPVT test scores. I then compare some of the estimates of Attanasio
et al. (2020) with the ones obtained using the two scaled versions of the data.!!

Attanasio et al. (2020) analyze the marginal product of investment on cognition and

9While not discussed in their paper or in the code, their data set contains a standardized book expenditures
variable, which turns out to be expenditures in INR, but standardized such that the mean and the variance
of the pooled expenditures over all time periods are 0 and 1, respectively.

10T his transformation amounts to multiplying the standardized test scores by 7.833 and adding 4.802.

1Tn the first step, Attanasio et al. (2020) estimate the joint distribution of skills and then simulate from
the estimated distribution to estimate production functions and to calculate counterfactuals. This first step
of their code is sensitive to the starting values. To ensure that the results below are based on the same
(local) minimum, I simply rescale the simulated variables instead of reestimating that part of the model.
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write: “When considering the production of cognitive skills (...) the productivity of invest-
ments is much higher at younger ages: investments are more able to affect cognition earlier
on.” This conclusion is based on the left panel of Figure 5 below, which corresponds to
Figure 4(a) of Attanasio et al. (2020)."> The middle panel of Figure 5 shows the results
based on book expenditures in 100 INR. In this case, the marginal effects are higher at age
8 than at age 5 (and even negative in the latter case).’®> When I rescale test scores instead
of book expenditures, the estimated effects are much lower, as can be seen in panel (c).

By Theorem 4, there are different, invariant ways to interpret the effect of investment on

skills. For example, here we can conclude: Fixing all variables at their median values,

(i) if we increase someones investment from the 40% quantile to the 60% quantile at age

5, we increase her skills from the 46% quantile to the 51% quantile at age 8, or
(ii) if we increase investment by 1% at age 5, we increase skills by 0.004% at age 8, or

(iii) if we increase investment s.t. book expenditures increase by 1 std (or 783 INR) at age
5, we increase skills at age 8 s.t. the standardized PPV'T score increases by 0.26 std
(or 0.23 units).

Although the effect described in interpretation (ii) may appear smaller than that in (i),
the magnitudes are in fact consistent with each other. To understand their relationship,
note that the logs of the latent variables follow mixtures of normal distributions. Here, the
estimated variance of log-investment is substantially larger than that of log-skills. As a result,
a 10% increase in investment at the median corresponds to a shift to the 50.18% quantile.
In contrast, a 0.04% increase in skills at the median corresponds to a shift to the 50.07%
quantile. The relative change in these quantiles (0.0007/0.0018 = 0.39), is comparable to
the effect in interpretation (i), where the relative quantile change is 0.05/0.2 = 0.25.

The authors also study the impact on cognition of an income transfer equal to 25% of
mean income in the entire sample. Specifically, they consider the change in the median level

of cognition in standard deviation units. The results for the different scales are shown in

12\When calculating counterfactuals, they exclude the constant in the investment equation and incorrectly
order some columns of the covariate matrix. I correct these issues and thus obtain slightly different estimates.

13T follow Attanasio et al. (2020) and do not restrict the signs of the coefficients (and many of their
specifications result in some negative coefficients as well).
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Figure 6: Estimated effects of income transfers - AMN estimator - skill level

(a) Age 5 - AMN scale (b) Age 5 - invest. in 100 INR (c) Age 5 - scaled tests
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(e) Age 8 - invest. in 100 INR
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Notes: The figure shows the impact on cognition of an income transfer equal to 25% of mean income in the
entire sample. The y-axis represents the impact on cognition, measured as the change in the median level of
cognition in standard deviation units, of increasing investment by one standard deviation. In the top three
graphs, the transfer is made before age 5. In the lower three graphs, it is made between ages 5 and 8. Panels
(a) and (d) correspond to the left two panels of Figure 5 of AMN. Panels (b) and (e) are based on book
expenditures in 100 INR. Panels (¢) and (e) are based in scaled test scores.

Figure 6. The income transfer is made before age 5 in the upper panels and between ages
5 and 8 in the lower panels. The authors write: “In terms of timing, the largest impact is
obtained if the transfer takes place when the children are between 5 and 8 for cognition”,
which is based on the much larger response in the lower panel at age 12. This conclusion
does not hold when using book expenditures in 100 INR, because the effect of investment is
then estimated to be negative in panel (e). When scaling test scores instead, the effects are
very close to 0 (see panels (c) and (f)).

There are two problems with the counterfactuals reported in Figure 6 using the specifi-
cation of Attanasio et al. (2020). First, identified parameters are set to 1, which leads to

misspecification. Second, this counterfactual does not correspond to those that are invariant
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Figure 7: Estimated effects of income transfers - flexible estimator - log-skills

(a) Age 5 - original scale (b) Age 8 - original scale
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Notes: The figure shows the impact on cognition of an income transfer equal to 25% of mean
income in the entire sample. The y-axis represents the impact on cognition, measured as the
change in the median of the log of cognition in standard deviation units, of increasing investment
by one standard deviation. In the left graph, the transfer is made before age 5. In the lower
graph, it is made between ages 5 and 8. Estimates are based on the flexible estimator.

to the scale and location restrictions. To fix the second problem, one can focus on the change
in the median log of skills rather than the level of skills.

The results for the log-skills using the estimator of Attanasio et al. (2020) are shown in
Figure A.1 in Appendix E. Since the estimates are based on setting identified parameters to
1, the results are still sensitive to the scales. Figure A.2 in Appendix E shows the estimates
corresponding to the counterfactual of Attanasio et al. (2020), but based on the estimator
that also estimates the identified scales, which also depend on the the scales of the test scores
(but not investment). Finally, Figure 7 displays the counterfactual in terms of log-skill based
on the flexible estimator, which is invariant to the units of measurements (and therefore, the
other scales are omitted). Based on Figure 7, we can still conclude that investment between
ages 5 and 8 is more beneficial. However, compared to panels (d) of Figure 6, the new
estimates imply much more heterogeneity by wealth. Figure A.3 in Appendix E shows the

effects of income transfers on the entire counterfactual distribution of the test scores.
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6 Conclusion

This paper demonstrates that in an important class of skill formation models, seemingly
innocuous scale and location restrictions may not function as mere normalizations. Instead,
they can constrain identified parameters and influence counterfactuals. The specific impli-
cations depend on the feature of interest, the production function, the measurement system,
and the estimation method. In a new identification analysis, I pool all restrictions of the
model and characterize the identified set without imposing additional scale and location
restrictions. Notably, many key features remain invariant to these restrictions, are identi-
fied under weaker assumptions, yield robust policy implications, and are comparable across
different studies.

Researchers often impose “normalizations” to achieve point identification in models that
are otherwise only partially identified. To avoid unintended consequences and potentially
misleading conclusions, it is critical to clarify which parameters and features are invariant to
these restrictions, ensuring they are genuine normalizations as defined in Definition 1. While
proving such invariance properties theoretically can be challenging, it is typically possible to
demonstrate the robustness of key results to these restrictions.

One example closely related to the model considered here are skill formation models that
explicitly solve household optimization problems to determine optimal investment functions
(see e.g. Del Boca, Flinn, and Wiswall (2013) or Caucutt and Lochner (2020)). These models,
which include a production function, are then estimated using the optimality conditions
alongside a measurement system for latent variables. While these models have a different
structure compared to the ones I study and a detailed analysis is left for future research, it
appears that analogous normalization issues may arise, with consequences that depend on

the model specification and the types of counterfactuals examined.

7 Data availability statement

The data and code underlying this research is available on Zenodo at

https://doi.org/10.5281/zenodo.16437164.
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