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Abstract: I study repeated games with anonymous random matching where players can add or remove sig-
nals from their records. The ability to manipulate records introduces monotonicity constraints on players’
continuation values, under which sufficiently long-lived players will almost never cooperate. When players’
expected lifespans are intermediate, their ability to sustain cooperation depends on (i) whether their actions
are complements or substitutes and (ii) whether manipulation takes the form of adding or removing signals.
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1 Introduction

When will a group of selfish individuals cooperate with one another? This classic question has motivated
the game-theoretic literature on community enforcement. In small communities with relatively few players,
Kandori (1992), Ellison (1994), and Deb, Sugaya and Wolitzky (2020) show that players can cooperate even
when they have no information about others’ histories. In large communities with many players, which are
usually modeled as a continuum, Takahashi (2010) shows that sustaining cooperation requires players to
have some information about their partners’ histories. Such information is called a player’s record, which
may consist of signals about his past actions and possibly also signals about his previous partners’ actions.
This paper studies community enforcement in large communities where players’ records are endogenous
in the sense that they can add or remove signals from their records. One domain of applications is online
reviews in which firms may persuade consumers to erase negative reviews or to write positive ones. My
analysis implies that (i) the maximal amount of cooperation a community can sustain is not monotone
with respect to its members’ expected lifespans, and (ii) whether the complementarity of players’ actions is
conducive to cooperation depends on whether manipulation takes the form of adding or removing signals.

To provide an overview of my model and results, consider a simple example with a continuum of players.
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In each period, all the active players are randomly matched into pairs to play the prisoner’s dilemma. Each
player’s action generates a signal, and his record consists of a sequence of signals. At the end of each
period, a fixed fraction of players irreversibly exit the game (i.e., become inactive), replaced by the same
mass of new players. This exit process introduces an additional source of discounting, alongside players’
time preferences. In the next period, the remaining active players are matched with new partners.

My modeling innovation is that before players are matched with new partners, they can manipulate their
records subject to feasibility constraints. 1 consider two forms of manipulation, which correspond to two
classes of feasibility constraints. I say that a player can erase signals if he can choose his record to be any
subsequence of the signals generated by his past actions. I say that a player can add signals if he can choose
any record such that the sequence of signals generated by his past actions is a subsequence of that record. I
assume that their new partners can only observe their manipulated records but not their age in the game.

My main result, Theorem[I] shows that sufficiently long-lived players will almost never cooperate in any
equilibrium (i) if they can erase signals or (ii) if they can add signals and their signals are noisy.

The intuition behind Theorem [I]is that players’ ability to erase or add signals introduces monotonicity
constraints on their continuation values. In the case where a player can erase signals, he can always replicate
his current record in the next period. This implies that in any equilibrium, his continuation value must be
non-decreasing over time. As a result, he has an incentive to cooperate only if doing so can significantly
increase his continuation value, so the expected number of periods in which he cooperates must be bounded
above. When this player has a sufficiently long expected lifespan, any bounded number of periods carry
negligible weight, so the average probability with which he cooperates must be close to zero.

When a player can add signals, his continuation value is non-increasing over time since he can always
replicate his future records in the current period. As a result, he has an incentive to cooperate only if his
continuation value after he defects is significantly lower than his current continuation value. Assuming that
the signals that monitor his actions are noisy, his continuation value after he cooperates must also be lower
than his current continuation value. Hence, the expected number of periods in which the player has an
incentive to cooperate is bounded above. By the same logic as in the case of erasing signals, when a player’s
expected lifespan diverges to infinity, the average probability with which he cooperates vanishes to zero.

Theorem [I] suggests that sufficiently long-lived players will almost never cooperate. Sufficiently short-
lived players have no incentive to cooperate since their discount factors are too low. A natural question is:

Can players sustain some cooperation in some equilibria when their expected lifespans are intermediate?[]

!There is always an equilibrium where players always defect, which rules out sustaining cooperation in all equilibria. I also
show that the average probability of cooperation is uniformly bounded below 1 in all equilibria under all time preferences and
expected lifespans (or equivalently, survival probabilities). This rules out the possibility of sustaining full cooperation.



Theorem [2| shows that as long as players are not too impatient, have intermediate expected lifespans,
and the signals that monitor their actions are precise enough, they can sustain some cooperation either
when they can only erase signals and have submodular payoffs or when they can only add signals and have
supermodular payoffs. This together with Theorem [1|suggests that the maximal level of cooperation is not
monotone with respect to players’ expected lifespansE] The cooperative equilibria I construct are purifiable,
which means that they are robust when players have a small amount of private payoff information.

Theorem [3|shows that regardless of their time preferences and survival probabilities, players will always
defect in all purifiable equilibria either when they can erase signals and have supermodular payoffs or when
monitoring is noisy, they can add signals, and have submodular payoffs. My result implies that when players
can only erase signals, the complementarity of their actions undermines their abilities to sustain cooperation.
This conclusion stands in contrast to the ones in Takahashi (2010), Heller and Mohlin (2018), and Clark,
Fudenberg and Wolitzky (2021), which suggest that the complementarity of players’ actions is conducive to
cooperation in community enforcement models where players can neither add nor erase signals.

This paper is related to the existing works on community enforcement, and in particular, those that ana-
lyze games with a continuum of players such as Takahashi (2010), Heller and Mohlin (2018), Bhaskar and
Thomas (2019), and Clark, Fudenberg and Wolitzky (2021). Friedman and Resnick (2001) study repeated
prisoner’s dilemma in large populations where each player can either disclose all of his past signals or erase
all of them. In contrast, the players in my model can decide whether and when to erase or to add each signal.

Ali and Miller (2016) study repeated games with a finite number of players where players can selectively
disclose the actions of their previous partners to their current partners. Due to players’ incentives to conceal
past deviations, equilibria that forgive past deviators can sustain more cooperation than those with permanent
ostracism. My model of erasing signals can be interpreted as players selectively disclosing signals about
their past actions to their current partners, which contrasts to the setting studied by Ali and Miller (2016)E]

Smirnov and Starkov (2022), Hauser (2023), and Sun (2024) study dynamic censoring games where
players’ payoffs depend on an exogenous state. In contrast, players’ payoffs depend only on their actions
in my model. Pei (2023) studies a repeated game with incomplete information in which a long-lived player
can erase past actions from his record. That paper presents a bad reputation result, driven by the observation
that the speed of learning vanishes as the expected lifespan of the long-lived player diverges to infinity. By

contrast, the current model has complete information so the speed of learning is irrelevant.

2Wiseman (2017) and Sandroni and Urgun (2018) also show that higher effective discount factors can undermine cooperation.
In contrast to the current paper that focuses on repeated games, their results are obtained in stochastic games with absorbing states.
3Sugaya and Wolitzky (2020) establish an anti-folk theorem when there is a finite number of players, each player has private in-
formation about his type (rational or committed), and players face uncertainty regarding the composition of types in the population.



Ghosh and Ray (1996) and Fujiwara-Greve and Okuno-Fujiwara (2009) study repeated games with
voluntary separation where players may interact with the same partner in multiple periods. In their models,
each player’s outside option is his continuation value from separation and joining the unmatched pool. This

feature contrasts to my model where each player’s outside option is his current or future continuation value.

2 The Baseline Model

I introduce a framework that allows for asymmetric stage games as well as erasing and adding signals.
Consider a doubly infinite repeated game where time is indexed by £ = ... — 1,0, 1, ... There are two
populations of players i € I = {1, 2}. Each period, a unit mass of players from each population are active.

Each player discounts future payoffs for two reasons. First, by the end of each period, a fraction 1 — &;
of the active players in population 7 irreversibly become inactive and are replaced by the same mass of new
players, with §; € [0, 1). Second, conditional on remaining active in period k + 1, each player in population
1 is indifferent between 1 unit of utility in period k£ + 1 and 5 € [0, 1) unit in period k. Hence, each player
in population i has an expected lifespan (1 — §;)~" and an effective discount factor §; = 5i - &-

Each period, all the active players are matched into pairs uniformly at random to play a two-player
normal form game G = (I, A, u), where A = A; x Aj is the set of action profiles with A; a finite set of
actions for players from population i (which I refer to as player i) and u; : A — R is player i’s stage-game
payoff. Each player in population 4 maximizes the expected value of 3, > (1— 5Z~)5Z’? “Lui(ai g, a_iy) where
(@i, a—;k) € A; x A_; stands for the action profile played by his match in the kth period of his life.

For every match, players’ actions generate signals (s1, s2) according to f(-|a;,a—;) € A(S; x S2),
where s; is player i’s signal with distribution f;(-|a;,a—;) € A(S;). I assume that S7 and So are finite sets.

+

Player i’s record consists of a sequence of elements in S;. Let R; = J,,Z SI* denote the set of player

1’s records, with a typical element denoted by r; € R;. By definition, the empty record & belongs to R;.
My modeling innovation is that before each player is matched with a new partner, he may manipulate
his record by erasing or adding signals. I discuss alternative forms of endogenous records in Section 5]
I say that player ¢ can erase signals if before being matched in period k& + 1, he can erase the signal
s;r € S; generated by his pair in period £ as well as any signal that belongs to his period-k record r; j.
Formally, this is to say that player ¢ can choose any subsequence of (r;, s; ) to be his period-(k + 1)

record. If player ¢ can only erase signals, then before interacting with his first partner, his record must be &.

I say that player ¢ can add signals if, before being matched with any partner, he can add any finite

*1 distinguish between players’ time preferences and survival probabilities since they play different roles. This is reminiscent of
the steady state learning models in Fudenberg and Levine (1993), Fudenberg and He (2018), and Clark and Fudenberg (2021).



number of elements in .S; to his record, in addition to that generated by his past match. In this case, a newly
born player 4 can choose his record from R; before being matched with his first partner. If r; ;. is a player i’s
record in period k and s; j, € S; is the signal generated by his pair’s action profile in period &, then player ¢
can choose his period-(k + 1) record to be any r; ;41 € R; such that (; , s; 1) is a subsequence of ri7k+1ﬂ
After each player ¢ is matched, he observes his record r; and his partner’s record r_; (the one after
manipulation) before choosing a;. Players cannot directly observe any additional information about their
partners, such as their partners’ age in the game and which signals were erased or added by their partners.
Players can make inferences about these variables via Bayes rule after observing their partners’ records.
Player i’s strategy is denoted by o; = (07,08, 0"), where 07 € A(R;) is his record choice before
being matched with his first partner,ﬂ ol : Ry x R_; — A(A;) is a mapping from his current record r; and
his current partner’s record r_; to his current-period action, and 0] : R; x S; — A(R;) is a mapping from
his current-period record r; and his current-period signal s; to the record his next partner observes.
Depending on whether and how player ¢ can manipulate records, his choice of (O‘? ,o1") faces different
feasibility constraints. When player ¢ can neither erase nor add signals as in Clark, Fudenberg and Wolitzky
(2021), 07" (4, s;) assigns probability 1 to (7, s;). If player i can erase signals, then o}" (7, s;) can assign
positive probability to any subsequence of (r;, s;). If player ¢ can add signals, then a? can assign positive
probability to any element in R; and ¢"(r;, s;) can assign positive probability to any 7, € R; such that
(i, si) is a subsequence of 7. As long as player ¢ cannot add signals, U? must assign probability 1 to &.
The solution concept is steady state Nash equilibrium, or equilibrium for short, which consists of a
strategy profile o = (01, 02) and a record distribution ;1 € A(R; x R2) such that (i) for every ¢ € {1,2},
o; maximizes the expected value of 375 (1 — 6;)0% u;(a; 1, a_; ;) when the record distribution is zz and
players in the other population use strategy o_; and (ii) p is a steady state record distribution when players
behave according to o. An equilibrium exists in this repeated game since G is finite and players (i) always

playing the same Nash equilibrium in G and (ii) never erasing or adding any signal is part of an equilibrium.

3 Main Result: Anti-Folk Theorem with Sufficiently Long-Lived Players

Even though players can erase or add signals, they may still have incentives to cooperate (i.e., to take

actions that are suboptimal in the stage game) when their effective discount factors are large enough. This

3] comment on several extensions in Section [5| which include the newly added signals must come after (r;x, si 1) in the
sequence of signals, players can only observe the summary statistics of others’ signals but not the exact sequence, and so on.

8As will become clear after I present the feasibility constraints, a player’s record choice before being matched with his first
partner is relevant only if he can add signals. My main result, Theorem [T} extends when players cannot add signals before being
matched with his first partner since his first-period action carries negligible weight when his survival probability is close to 1.



is because: (i) in the case where players can only erase signals, they cannot fabricate good signals, so they
may have incentives to cooperate if they are rewarded for having many good signals in their records; and (ii)
in the case where players can only add signals, they cannot erase any bad signal generated by their actions,
so they may have incentives to cooperate if they are punished for having many bad signals in their records.
My main result shows that the above logic breaks down when players are sufficiently long-lived. For
any o = (01, 02) and p, the average probability with which players in population i taking action a; € A;,

denoted by HEU’“) (a;), is defined as the probability that 3, e g, « g, #(11,72)07 (r1,72) assigns to a;.

Definition. Player i’s signal distribution f; has non-shifting support if for every a_; € A_;, a;,a; € A;,

and s; € S;, we have fi(s;|ai,a—;) > 0 if and only if f;(s;|a},a—;) > 0.

My non-shifting support condition requires that the support of player i’s signal distribution to be inde-
pendent of his own action, which is to say that monitoring is noisy. It is weaker than f; having full support,

a condition commonly used in repeated games and reputations (e.g., Cripps, Mailath and Samuelson 2004).
Theorem 1. Suppose players in population i have a strictly dominant action a; € A;.

1. If players in population i can erase signals, then for every 3\1 € (0,1) and € > 0, there exists 0* €

(0,1) such that HEU’“)(af) > 1 — ¢ for every equilibrium (o, j1) when 6; > 6*.

2. If population i can add signals and f; has non-shifting support, then for every :5; €(0,1)and e > 0,
there exists §* € (0,1) such that HZ(-U’“) (af) > 1 — e for every equilibrium (o, i) when 0; > (5*.

Theorem [T]implies that as long as players are sufficiently long-lived and can either erase or add signals,
they will almost always take their strictly dominant actions in all equilibria. In the prisoner’s dilemma, it
implies that sufficiently long-lived players will almost never cooperate. This result holds independently of
the other population’s stage-game payoffs, survival probabilities, time preferences, and whether and how
they can manipulate their records. It applies for all finite action sets and signal spaces, even when these sets
are sufficiently rich. It also applies when player i’s effective discount factor §; is arbitrarily close to 1, such
as when both g@ and §; go to 1 but &; goes to 1 faster than gz This stands in contrast to the standard logic
in repeated games, that fix player ¢’s time preference :5\1 an increase in his survival probability &; leads to a
higher effective discount factor §;, which will strengthen his incentive to sacrifice his current-period payoff

in exchange for a higher payoff in the future and hence, may lead to more cooperation in equilibrium.

"To see why non-shifting support is not redundant in the case of adding signals, consider the prisoner’s dilemma and suppose
S; = A; and s; perfectly reveals a;, i.e., fi(si = ai|a:, a—;) = 1 for every i and a;. There is an equilibrium with full cooperation
in grim-trigger strategies where each player cooperates if and only if no defect is contained in his and his partner’s record.



I present the proof of Theorem|[I]in Section[3.1} The intuition is that players’ ability to either erase or add
signals introduces monotonicity constraints on their continuation values in the sense that their equilibrium
continuation values must be either non-decreasing over time or non-increasing over time.

Suppose first that player ¢ can erase signals. He can always replicate his current record in the next period,
by taking an arbitrary action and then erase his signal s;. This implies that in equilibrium, his continuation
value must be non-decreasing over time. In order to motivate player ¢ to take any action a; that is not his
strictly dominant action a, his expected continuation value after playing a, needs to increase by at least
something proportional to 1 — ;. This implies that the expected number of periods in which player ¢ taking
actions other than a} is no more than something proportional to (1 — &;)~!. When players in population i
are sufficiently long-lived (i.e., §; — 1), the bounded number of periods in which they have incentives to
cooperate will carry negligible weight, so the average probability that they cooperate must be close to 0.

Suppose next that player 7 can add signals. His continuation value is non-increasing over time since he
can always replicate his future record in the current period. This implies that at every history where player
i has an incentive to take action a # a;, his expected continuation value after playing a} needs to decrease
by at least something proportional to 1 — §; relative to his current continuation value. Assuming that f; has
non-shifting support, his expected continuation value after taking any other action also needs to decrease by
at least something proportional to 1 — ;. By the same logic as in the case of erasing signals, the expected
number of periods in which player ¢ has an incentive to cooperate is no more than something proportional
to (1 — &;)~ 1. As player i’s expected lifespan diverges, the average probability of cooperation vanishes.

In Appendix |Al T explain how to show Corollary |1} which is a result that applies to all stage games
(including ones without dominant actions), by iteratively applying the above logic and by using the fact that

the matching process is uniform. Let A7 C A; denote the set of player ’s rationalizable actions in G.

Corollary 1. Suppose for every i € {1,2}, either players in population i can erase signals, or they can
add signals and f; has non-shifting support. For every 31, gg € (0,1) and € > 0, there exists 0* € (0,1)

such that when 61,05 > 6%, min;eq 2 D aeAr HZ(.U’“) (a;) > 1 — € in every equilibrium (o, ).

3.1 Proof of Theorem 1

Fix an equilibrium (o, 1). Recall that o' (r;, r—;) € A(A;) stands for player i’s equilibrium action when his
record is r; and his matched partner’s record is r_;. Let R C R; denote the set of player 7’s records that
occur with positive probability under p. Let V' (r;) denote player i’s expected continuation value when his
current-period record (after manipulation) is r; before knowing his current match. Let V = SUpP;, e Ry V(rs)

and V = inf, cpr V' (r;) denote player 4’s highest and lowest continuation values, respectively. Conditional

7



on being active for at least k& € N periods, let V};, denote player ¢’s expected continuation value in the kth
period of his life and let 7, denote his expected probability of taking actions that are not a in the kth period

of his life. Let u; and u; denote player 7’s highest stage-game payoff and minmax value, respectively. Let
"= min {ui(a;‘, a_;) — ui(al, a_z-)} > 0, (3.1)

al#afa_ €A,

which is player i’s lowest stage-game cost of taking actions other than a;. I consider two cases separately.
First, suppose player ¢ can erase signals. For every r; € R} and s; € S;, let R;(r;, s;) C R} denote the
set of player 4’s records that are subsequences of (7, s;). Since 7; is a subsequence of (74, s;) and r; € R},
we know that R;(r;, s;) is a non-empty finite set. Hence, player i’s continuation value in the next period
1S MAX,/ e R, (r; 5, V (r}) when his current-period record is 7; and his current-period signal is s;. We know

from r; € Ri(r,s;) that max,/cp,(r, 5,) V(r;) = V(r;). Thatis to say, player 4’s continuation value is

(13,8
non-decreasing over time, regardless of the realization of signal s;. When player ¢ with record r; is matched

with an opponent with record r_;, he has an incentive to take action a; # a; only if

(1=8i)uiag, o%;(rir-i))+8i Y filsilal,0%(ri;r—)) | max V() = (1=6)ui(af, 0%, (ri,r—))+6;V (r2),
5,€8 TiERi(Ti,Sq;)

where the RHS is player ’s payoff when he plays a; and then erases signal s; regardless of its realization.

The above inequality together with the definition of ¢* implies that

1- 6
Z fi(silal, 0% (riyr—3))  max  V(r})) > V(r) + ——c*,
8;€8; ri€R;(ri,5i) i

which is to say that as long as player ¢ has an incentive to play a} at (r;,7_;), his expected continuation

value in the next period after playing a;, which equals > o fi(silaj, 02;(ri, 7)) max,re g, (r; 5,) V (1),

is at least 1% ¢* greater than his continuation value at r;. This leads to a lower bound on Vi1 — Vj:

1—0;
Vigr — Vi 2 5 . (3.2)
Since u; <V < Vj, <V <7 for every k € N, summing up ( . 3.2) for all k € N, we have
1— 5Z +o0 +o0 o
s <y (Ve Vi) SV -V <w -, (3.3)
k=1 k=1

Since player 7 survives with probability &; after each period, a fraction (1 — &)3? ! of active player ¢ has



age k. Using (3.3)), the law of total probabilities and the fact that 7, € [0, 1] for every k € N, we have

> — Il _ Jrooﬂ_ 7L*E’L 5;
1T () =Y (1-8)8 'm<1-3=1™ <15, (3.4)
k=1

Since §; = 9, - 25\1-, once we fix any S\Z € (0,1) and let &; — 1, the RHS of li will converge to 0.

Second, suppose player ¢ can add signals and f; has non-shifting support. For every r; € R and
s; € 5;, let Ez(n) denote the set of r, € R} such that r; is a subsequence of r;, and let ﬁi(m, s;) denote
the set of 7, € R} such that (r;, s;) is a subsequence of 7;. Fix r; € R}, player i’s continuation value in

the next period is max , R V(rg) when (i) his current-period record is 7; and (ii) his action and his

74,57)
current-period partner’s generate signal si Since }/%i(m-, s;) C ﬁl(n) it must be the case that V(r;) >

max,, V (r}). This is because otherwise, player ¢ will have a strict incentive to deviate by choosing

iEP:z‘(Ti,Sz‘)

arg max, . p.( V (r}) before being matched with his current-period partner instead of choosing r;, which

Ti,8:)
violates the hypothesis that ; € R}. This suggests that player ¢’s continuation value is non-increasing over

time. When player ¢ with record r; is matched with record r_;, he has an incentive to play a; # a} only if

(1= 8;)ui(al, 0% (ri,m—i)) + 6 Z fi(silal, 0% (ri,r—;))  max  V(r))
‘€R

$;€8;
> (1 —=6i)ui(a;, 0% (ri,r—)) + & Z fi(silal, 0% (ri,r—;)) max  V(r}). (3.5)
$; €S dERi(rivSi)

Inequality (3.5) together with the fact that V'(r;) > max ,

1eRy(ris:) V (r}) for every s; € S; implies that

(1=8:)ui(as, o (ri, 7—0))+0:V (ri) = (1=0i)us(aj, 0%, (ra,r—i))+6; > fi(sila;, 0%, (ri;r—i))  max  V(r}).
R

8;€8; 7’£€ 7;(7'7;,87;)

The above inequality together with the definition of ¢* in (3.1) implies that

3 flslat ot )V~ max v} =10 (3.6)

si€8; rl€Ri(risi) 0i
Since f; has non-shifting support, the set S;(a—;) = {s; € S;|fi(si|a;,a—;) > 0} is well-defined, so

i fi(silay, a_;)
aj#at,a_;€A_;,5;€S;(a_;) fz(sz |CL2<, a_i)

q(fi)

8The hypothesis that (o, p) is an equilibrium implies that player ¢ has at least one best reply at every positive probability

information set where he needs to choose which additional signals to include in his record. Hence, max,, €R;(risi) V(r;) exists.
JER;(ri,sq



is strictly positive. Since V'(r;) — max , 1 Ry(rivs) V(rf) > 0 for every s; € S;, inequality (3.6)) implies that

1-96;

5 c*q(f;) for every a, € A;. (3.7)

Z fi(8i|a;,0a_i(m,T—i)){V(ri) —  max V(r;)} >

SiESi T;ERi(ThSi)

Since (3.7 . ) holds at every (r;, 7—;) where player i plays a} # a} with positive probability, the definitions of

Vi, Vi1, and 7, imply that Vi, — Vi > lc q(fi)mr. Summing this inequality up for all & € N, we
have lg—flc q(fs) Zk:l m < Ek:l <Vk — Vk+1) <V -V <u; — u,;. Similar to the derivation of .

+o0 o oo ubfuZ S;
- (07 = 3 (1= 888 < 155 T <1 - g T 3.8)
k=1

The RHS of 1) vanishes to 0 once we fix any SZ € (0,1) and f; with non-shifting support and let §; — 1.

4 Cooperation Between Players with Intermediate Expected Lifespans

Theorem [I] implies that sufficiently long-lived players will almost never cooperate. Sufficiently short-lived
players have no incentive to cooperate since their effective discount factors are too low. The rest of this
section examines whether players with infermediate expected lifespans can sustain cooperation.

I start from showing that the average probability of cooperation is uniformly bounded below 1 for all §;
and 5 Inequalities (3.4} and (3 .i 8) imply that player 1’s average probability of taking actions other than his

u'—'u,l

dominant action a} is no more than 1 — 4, *

'1
, where (i) x = ¢* when player i can erase signals and

(ii) = c*q(f;) when player 7 can add signals and f; has non-shifting support. Since % is decreasing
ind; €[0,1), _
0;logd; _ 6;logd; . Odlogd
> >1 = —1 fi 9; € [0,1). 4.1
1=5, 2 1-g, 2o - Lreeydclo @D

Therefore, fixing the stage-game payoff u; and the signal distribution f;, we know that for all 6; and gi,

1- H(U u)( *) < 1—exp ( _ Wz gz> in every equilibrium (o, ). 4.2)
x

Inequality implies that it is impossible to sustain full cooperation in any equilibrium either when
players can erase signals or when players can add signals and their signal distribution has non-shifting
support. The rest of this section examines whether some cooperation can be sustained in some equilibria.

I focus on equilibria that are purifiable as in Bhaskar and Thomas (2019) since mixed-strategy equilibria

may not be robust to private payoff information. Formally, I refer to G = (I, A, u) as the unperturbed stage

10



game. For every ¢ > 0, an e-perturbed stage game G(c) = (I, A,u®) is one where player ¢’s period k
stage-game payoff is uS (a;,a—;) = u;(a;, a—;) + €2; 1(a;), where z; ;(a;) is a random payoff shock. The
shocks z; 1,(a;) are i.i.d. across actions, players, and periods. Before player ¢ acts in period k, he observes
the realizations of his own current-period payoff shocks {z; 1 (i) },;c4, but not the ones in the future and
of others. An equilibrium (o, ;1) of the unperturbed repeated game is purifiable if fixing the distribution
of z; 1(a;) that has bounded support and no atom, for every sequence ¢, — 0, there exist a sequence of
equilibria (o(ey,), pt(en))nen of the repeated e,,-perturbed stage games G(<,,) that converge to (o, 11).

As in the main results of Takahashi (2010), Heller and Mohlin (2018), and Clark, Fudenberg and
Wolitzky (2021), I restrict attention to records that are first-order, namely, the distribution of s;, denoted
by fi(+|ai,a—;), is independent of a_iﬂ I will write f;(-|a;) instead of f;(+|a;,a—;) in order to avoid cum-

bersome notation. I will state my results in the prisoner’s dilemmam with stage-game payoffs given by

- Cooperate | Defect

Cooperate 1,1 —l,1+4+g¢ with g,{ > 0.

Defect 1+g,-1 0,0

In the above prisoner’s dilemma, I say that players’ payoffs are weakly supermodular if g < I, are strictly
supermodular if g < [, are weakly submodular if g > [, and are strictly submodular if g > .

Theorem 2] shows that when players have intermediate expected lifespans and their actions are precisely
monitored, some cooperation can be sustained in purifiable equilibria either when players can only erase
signals and their payoffs are strictly submodular, or when they can only add signals and their payoffs are
strictly supermodular. For every ¢ > 0, I say that the monitoring structure is e-precise if for every i € {1, 2},
there exists s € .S; such that f;(s}|a; = C') > 1 — e and f;(s}|a; = D) < e. Hence, perfect monitoring is

e-precise. For each € > 0, there exists f; that is first order, e-precise, and satisfies non-shifting support.

Theorem 2. Suppose all players’ records are first-order, either they can only erase signals and have
strictly submodular payoffs, or they can only add signals and have strictly supermodular payoffs. There
exist 0* € (0,1) and € > 0 such that when the monitoring structure is -precise and 25\1, 5y > 6%, there
exists a non-empty interval [8',6"] C (0,1) such that as long as 61,062 € [§,0"), there exists a purifiable

equilibrium (o, ) such that HEU’“)(C) > 0 foreveryi € {1,2}.

I explain the ideas behind the proof with details relegated to Appendix [B] When players can only erase

signals and have strictly submodular payoffs, I categorize them into juniors who have no s} in their records

The “first-order record” requirement can be relaxed for Theorern but it will be needed for Theorem
'%In a working paper version (Pei 2024), I focus on general monotone games when players’ expected lifespans are intermediate.
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and seniors who have at least one s}. Seniors always defect. Juniors cooperate with seniors for sure and
cooperate with other juniors with probability ¢; € (0, 1). Since payoffs are strictly submodular, if juniors
are indifferent between C' and D when facing other juniors, then they strictly prefer C' when facing seniors.
When players can only add signals and their payoffs are strictly supermodular, I categorize them into
Juniors with no bad signal (i.e., signals other than s7) in their records and seniors with at least one bad signal
in their records. In equilibrium, seniors defect against everyone, juniors cooperate with other juniors with
probability ¢; € (0, 1), and defect for sure against seniors. Since payoffs are strictly supermodular, if juniors
are indifferent between C' and D when facing juniors, then they strictly prefer D when facing seniors.
These strategy profiles are part of some purifiable equilibria when §; and § are intermediate but not
when they are close to 1. This is because when players are sufficiently long-lived, there will be too few
juniors in the population to provide incentives, in which case juniors will have no incentive to cooperate.
Theorem [3] shows that the conditions in Theorem 2 on players’ payoffs are essential in the sense that
when players can erase signals and have weakly supermodular payoffs, or can add signals and have weakly

submodular payoffs, all players will always defect regardless of (01, da, 5\1, gg) and the signal precision.

Theorem 3. If players’ records are first order and either (i) payoffs are weakly supermodular and one
population i can erase signals or (ii) payoffs are weakly submodular, and one population i can add signals

and f; has non-shifting support, then Hgg’“ ) (C) = Hgg’“ ) (C) = 0 for every purifiable equilibrium (o, ).

The proof is in Appendix [C| which uses the purifiability refinement as well as the fact that the matching
is uniform. To see why, let us start from the case where players in population 2 can erase signals. Pick any
player 1 and compare his incentives to cooperate with (i) player 2 who has the highest continuation value
(call him player 2*) and (ii) any other player 2. Player 2* will defect for sure due to his ability to erase
signals. If players’ actions are complements (i.e., g < [), any player 1 will have less incentive to cooperate
with player 2* than with any other player 2. If this is the case, then it is impossible to deliver player 2* a
strictly higher continuation value than to any other player 2 This will break down cooperation.

Similarly, when players in population 2 can add signals, player 2 with the lowest continuation value (call
him player 27) will defect for sure. If players’ actions are substitutes (i.e., ¢ > 1), then any player 1 will have

weakly stronger incentives to cooperate with player 21 than with any other player 2. This again implies that

Recall that the non-shifting support condition only requires that the support of player i’s signal distribution to be independent
of his actions. Hence, for every € > 0, there exist signal distributions that are first order, e-precise, and satisfy non-shifting support.
Purifiability is needed since in some non-purifiable equilibria, there exists player 1’s record r; such that (i) all players from
population 2 will defect against player 1 with record 71 but (ii) 71 will cooperate with player 2 who has the highest continuation
value and will sometimes defect against player 2 with lower continuation values. This cannot happen in purifiable equilibria as
players’ behaviors can condition only on payoff-relevant information. See Bhaskar (1998) and Bhaskar, Mailath and Morris (2013).
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in all purifiable equilibria, it is impossible to deliver strictly lower continuation values to player 2 than to

any other player 2. As a result, players will have no incentive to cooperate due to the lack of punishmentsFE]

5 Extensions

Theorem [I] extends to other settings where players’ continuation value is either non-decreasing or non-
increasing over time. For example, player 7’s continuation value is non-increasing over time (i) when the
additional signals he included in his current-period record do not have to appear in his future records, or (ii)
before being matched with each new partner, all of a player’s newly added signals in the current period must
come dafter all the signals he generated and added before (in the sequence of signals).

In a working paper version (Pei 2024), I present a model with general record systems where players’
continuation value is non-decreasing over time. This includes, for example, when players can only erase
their most recent signal but not the ones they generated before, and when they can choose a subset of the
signals generated by their past actions and disclose those signals to their current partner, i.e., the signals they
did not disclose to their period-k partner can be disclosed to their period-(k + 1) partner.

Theorem (1| extends to settings where players can only observe a garbled version of their partners’
records, such as when players cannot observe the exact sequence of signals in their partners’ records and
can only observe some summary statistics (e.g., the number of times that each signal realization occurred in
the player’s record). It also extends to settings where players cannot perfectly control their partners’ obser-
vations, such as each player observes his partners’ records with some idiosyncratic observational noise.

Next, I extend Theorem [I] to settings where players’ continuation value is not necessarily monotone.
This includes, for example, when players choose their actions, they face uncertainty regarding whether they
can erase or add signals before being matched with their next partner. If this is the case, then players do
not know whether they can preserve their current record in the next period and whether their next-period
continuation value is no less than that in the period after next. The extension below nests my baseline model.

Formally, suppose whether each player ¢ can erase or add signals before being matched with his period-£
partner is determined by an i.i.d. random variable m; ,, € {erase, add, both, none}mwhere Pe = Pr(m; ), =
erase), p, = Pr(m;; = add), p, = Pr(m,; ; = both), and p,, = Pr(m, ; = none). Player i observes the

realization of m; ;, when he chooses his period-k record before being matched with his period-k partner.

3The non-shifting support condition is required when players can only add signals, since my argument only implies that player
2’s highest and lowest continuation values at positive probability histories must coincide in all purifiable equilibria. Under perfect
monitoring, it cannot rule out grim-trigger equilibria since there will be only one continuation value on the equilibrium path.

4My result in this section, Theorem@l, applies both to the case where all players in population ¢ face the same shock (i.e., in any
given period, either all of them can only erase signals, or all of them can only add signals, or all of them can do both, or all of them
cannot manipulate) and to the case where the shocks are i.i.d. across periods and players within population .
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For any player ¢ born before period k, suppose his period-(k — 1) record is r; ;—; and his period-
(k — 1) signal is s; 1. If m; ;, = erase, then he can choose his period-k record from any subsequence of
(Tik—1, Sijk—1). If m; , = add, then he can choose his period-k record to be any r} such that (7 z_1, Si k1)
is a subsequence of T;. If m; . = both, then he can choose his period-k record from the entire set ;.
If m;;, = none, then his record in period £ must be (r;;—_1,s;x—1). For any player ¢ born in period k£,
before being matched with his partner in period k, he can choose anything in R; to be his period-k£ record if

m; . € {add, both} and can only choose @ to be his period-k record if m; j, € {erase, none}.
Theorem 4. Suppose players in population i have a strictly dominant action a; € A;.

1. For every € > 0, there exists p* € (0, 1) such that when py + pe > p*, for every g@ € (0,1), there

exists 0* € (0, 1) such that Hgmu) (a}) > 1 — e for every equilibrium (o, j1) when §; > &*.

2. Forevery e > 0, there exists p* € (0, 1) such that when py, + pa > p*, for every 5\, € (0,1) and f; that

(o)

has non-shifting support, there exists §* € (0,1) such that IL"" (a¥) > 1 — ¢ for every equilibrium

(0, 1) when &; > 6*.

Theorem 4] implies that if player ¢ has a dominant action and can either erase or add signals with proba-
bility above some cutoff, then his average probability of cooperation is low when he is sufficiently long-lived.

Appendix [D| shows the first statement of Theorem [4] that is, the case where player i can erase signals
with probability above p*. The case where player ¢ can add signals with high probability and f; having
non-shifting support can be shown using a similar argument, which I omit in order to avoid repetition.

The main challenge is that unlike in the baseline model, it is unclear whether player ¢’s continuation
value will increase or decrease over time: it may increase in periods where m;;, € {erase, none} and it
may decrease in periods where m; ;, € {add, none}. As a result, players’ continuation values are no longer
monotone over time, which contrasts to the baseline model. In addition, players may have incentives to
cooperate both when their continuation values reach the maximum and when their continuation values reach
the minimum. Hence, their incentives to cooperate do not vanish over time, unlike in the baseline model.

To conclude this section, I consider situations where a third party (e.g., an online platform) can reset a
player’s record. Such resets can be implemented either by erasing all signals from a player’s record, or by
adding some signal to a player’s record (e.g., adding a signal that marks the beginning of a reset).

First, suppose player ¢ can only erase signals and that after each period, a platform randomly selects a

fraction p; € [0, 1] of the active players in population i and erase all signals from their records Since a

I5Tf player 4 can add signals, then he can always add the erased signals back, in which case Theorem still applies.
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player’s continuation value depends only on his record, once a player is selected by the platform, he will
effectively become a newly born player in the next period, so each player’s expected lifespan is shortened
from (1—6;) 71 to (1—5;(1—p;))~!. Although the extreme form of anti-folk theorem that players cooperate
with probability close to 0 may not extend, my uniform upper bound still applies: It implies that the
average probability of cooperation is uniformly bounded below 1 regardless of p;. Hence, (.2)) illustrates
the limits of fostering cooperation via such policies and implies that the folk theorem fails more generally.
Second, suppose after each period, a platform randomly selects a fraction p; € [0, 1] of the active players
in population ¢ and adds a signal s to their records. If player i can erase signals, then Theorem || extends
since before being matched with each new partner, player ¢ can always erase the signal added by the platform
and preserve his record in the period before, so his continuation value is non-decreasing over time. If player
i cannot erase signals but can add signals, then Theorem [I] extends since player ¢ can replicate his future

records in the current period (by adding s} himself) so his continuation value is non-increasing over time.

6 Concluding Remarks

This paper establishes an anti-folk theorem in community enforcement models, which shows that sufficiently
long-lived players will almost never cooperate. This result is driven by the monotonicity constraints on
players’ continuation values and these constraints are implied by players’ abilities to add or erase signals.

In summary, when players’ continuation values are non-decreasing over time (which must be the case
when they can erase signals from their records), they will have no incentive to cooperate once their contin-
uation values are close to the maximum. As a result, each player will only cooperate in a bounded number
of periods and these periods carry negligible weight once the player is sufficiently long-lived.

When players’ continuation values are non-increasing over time (which must be the case when they can
add signals), they will have no incentive to cooperate once their continuation values approach the minimum.
If the signals that monitor players’ actions are noisy, then in order to provide incentives to cooperate, players’
continuation value needs to decrease significantly relative to their current continuation value regardless of
the actions they take. This again suggests that each player has an incentive to cooperate for at most a bounded
number of periods and these periods carry negligible weight once the player is sufficiently long-lived.

My approach to endogenous records has two limitations. First, Theorems |1|and 4| require §; to be close
to 1. When &; is bounded below 1, although I can derive a uniform upper bound on the average probability of
cooperation, there is no precise characterization of the maximal probability of cooperation. Computing such

a probability is hard even for the prisoner’s dilemma since very little is known about (i) the set of equilibria
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in repeated games when §; is bounded below 1 and (ii) the structure of steady state Nash equilibria.
Second, when player ¢ can only add signals, I focus on the case where he can include any finite number

of signals in any period. This modeling assumption ensures that his continuation value is non-increasing

over time. However, if player ¢ can add no more than K signals in each period, his continuation value may

not be non-increasing over time. Whether Theorem [T|holds for a bounded K remains an open question.

A Proof of Corollary 1

Recall that in any finite 2-player game G, a pure action a; € A; is strictly dominated in the stage game
if and only if it is never a best reply and there exists 17 > 0 such that regardless of player —i’s action
a_; € A(A_;), player i’s payoff from playing a; is less than his payoff from playing a best reply minus 7).
Using the same argument as that in the proof of Theorem |1} one can show that for every 25\1 € (0,1),
there exists 6* € (0, 1) such that when &; > &*, the average probability that player i takes strictly dominated
actions is less than ¢ in all equilibria. Let A} C A; denote the set of player 4’s actions that survive the first
round of deletion but not the second round. If A% is non-empty, then there exists 7 > 0 that depends only
on u; such that all actions in Az1 are still strictly dominated by at least  when the probability that player
—1 takes strictly dominated actions is no more than 7. According to the Markov’s inequality, if the average
probability with which player —¢ takes strictly dominated actions is no more than ¢, then histories where
player —: takes strictly dominated actions with probability more than 7 occurs with probability less than
g/n. Using the argument in Theorem |1, we know that for every = (0,1), there exists 6* € (0,1) such
that when 0; > &%, the probability that player i takes actions in A} is at most € + £/7. The conclusion of

Corollary [I|is obtained once we iterate the above process for at most |A;| + | A2 | rounds.

B Proof of Theorem 2

I focus on the case where players can erase signals and have strictly submodular payoffs. The case where
players can add signals and have strictly supermodular payoffs is symmetric, which I omit to avoid repetition.

To simplify notation, let f* = fi(sf|la; = C) and f! = fi(sf|a; = D). There exists € > 0 such that
for every e < &, ff > f/ when (fi, f2) is e-precise. Let V; denote the continuation value of seniors in
population 7 and let V', denote the continuation value of juniors in population . Let g; denote the probability

that juniors play C' against other juniors and let u; denote the fraction of players in population i that are
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juniors. A junior in population ¢’s indifference condition when facing a junior in population j is given by
(1=00)ui(C, q;C+(1=q;) D)+6; (fi Vit (1= f1)V;) = (1-8:))ui(D, ¢;C+(1=q;) D)+ (fiVi+ (1~ f;) V),

which implies that

1—6; 1
S  ﬁ!ﬁ'<%9+(1—q00- (B.1)

Since it is always weakly optimal for juniors to cooperate, his continuation value V', can be written as

Vi-V,

Vi = 1 { (1=6)ui(C, s O+ (1=-a)) D)+, (£ Vi (1= F)V,) f+ (=) { (1=00ui (€, D)+6, (1 Vi+ (1= F)V; ) |.

Plugging in |i for the difference between V; and V;, we obtain that

*

V}Z/ﬁQj—(l—Jﬁqﬁﬁ+ffﬁlﬁ(%g*‘ﬂ“%ﬂ>- (B.2)

A senior’s continuation value is V; = (1 4 g). This together with equations li and li implies that

. 1-6 1
i (L+g) = pjg; — (1= pygs)l + fl*fif{ <QJ9+ (1- Qj)l) 5 o (qJ’9+ (1- Qj)l>- (B.3)

For every 77 > 0, there exists € > 0 such that as long as monitoring is e-precise, there exists n € (—7,7)

such that
1-—9; l g-—1
1— 0 u: = . .
(1 —gj)py 5 1+g+%1+g

(67" = ) +n. (B.4)

Since g > [, the LHS of (B.4) is strictly decreasing in ¢; and equals 0 when ¢; = 1 and the RHS of (B.4)

is strictly increasing in ¢; and is always strictly positive when |n| < l%rg . 15_‘2’. This implies that there

exists a solution to (B.4) for 7 small enough if and only if the LHS is greater than the RHS when ¢; = 0, or

equivalently,
1—-46; l

> —
Hj (52 1+g

for every i, € {1,2} with i # j. (B.5)

where steady state record distributions, p; and p;, must satisfy

i = (1 —0;) +3i{mﬂj((1 — @)L= f) +a(L = f) + pa(l — ) (1 — fz‘*)}' (B.6)

Equation implies that y; > 1 — &; for every i € {1,2}, and therefore, it is sufficient to show that there
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exists a non-empty interval [§’, §”] C (0, 1) such that when 91, 62 € [§, "], we have

R (B.7)

This is indeed the case when §; is close enough to 1 for every 7 € {1, 2}, under which lb is satisfied as
long as 5]- is not too close to 1. Such an equilibrium is purifiable since players have strict incentives at all

except for one information set, which is when a junior is matched with another junior.

C Proof of Theorem 3

Fix any equilibrium (o, ). Let Rf C R; denote the set of player i’s records that occur with positive
probability under u. Let V;(r;) denote player i’s continuation value when his record is r; before knowing
his current partner’s record. Let V; = sup,,cg: Vi(r;i) and let V; = inf,. g+ Vi(r;), which are player i’s

highest and lowest continuation values, respectively, at records that occur with positive probability under .

Lemma 1. Suppose players in population 1 can erase signals or they can add signals and f1 has non-
shifting support. If there exist an equilibrium (o, j1) and a record profile (r1,r2) € R} X RS such that player

1 plays C with positive probability at (r1,73), then it must be the case that V1 > V.
Proof. First, suppose players in population 1 can erase signals. For each player 1, his incentive to play C' at
(r1,72) € R} x R; implies that

(1 — (51)U1(C, 03(7“1,7‘2)) + 5171 > (1 — (51)U1(D,0’§(7‘1,T2)) + (51V1(7“1>. (C.1)

Therefore, V| > V} (r1) > V., where the last inequality comes from the hypothesis that , € Rj.
Next, suppose players in population 1 can add signals. For each player 1, his incentive to play C at

(r1,72) € R} x Rj implies that

(1= 60)ur(C,08(r,m2)) + 61 > fi(s1|Co8(r,72))  max  Vi(rf) >

7"1€R1 (7‘1,81)

51€51
(1 —01)ui(D,05(r1,12)) + 01 Z fi(s1]D, o9 (r1,m2))  max  Vi(r}). (C.2)
$1€8; ri€R1(r1,51)

If f; has non-shifting support, let S1(05(r1,72)) denote the set of player 1’s signals that occur with positive

probability when player 2’s action is 0§(r1, 72). This set is well-defined in the sense that it does not depend
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on player 1’s action. Inequality li and the definitions of V1,V suggest that

v

Vi max { max Vj (T/1) } > min { max V) (T/I) } =4

51651(03(7"177”2)) T’iEEl(T‘l,,ﬂ) 51651(0(21(7’117’2)) Tlleél(’r‘l,sl)
]

Suppose by way of contradiction that under the conditions of Theorem 3] there exists a purifiable equi-
librium (o, ;1) such that V; > V. Lemma |l|implies that any contradiction derived from this hypothesis
will imply Theorem 3] Let

ViV, 1-d c*}, (C.3)

7 = min { 3 Y
which is strictly positive since V| > V. The definitions of V1 and V', imply that there exist 71,7, € R]
with V1 (71) € [V1 —n, V1] and Vi(ry) € [V, V; + n]. The definition of 7 implies that V3 (71) > Vi (ry).
Recall from Section that when player 1 can erase signals, his equilibrium continuation value is non-

decreasing over time, and that when player 1 can add signals, his equilibrium continuation value is non-

increasing over time. Lemma 2]is then implied by (C.I)) and (C.2)) as well as the monotonicity constraints.

Lemma 2. If population 1 can erase signals, then they have strict incentives to play D at any record
71 € R} that satisfies V1(71) € [V1 — n,V1]. If population 1 can add signals and f, has non-shifting

support, then they have strict incentives to play D at any recordr; € R that satisfies Vi (r;) € [V, V1 +n).
Lemma [3|establishes an implication of the purifiability refinement.
Lemma 3. Suppose players in population 2 have first-order records.

1. If players in population 1 can erase signals and g < I, then in every purifiable equilibrium, for every
71 € Rj that satisfies V1 (T1) > V1—n, everyry € R, and every ro € R}, each player 2’s probability

of playing C at (71, r2) is weakly less than his probability of playing C at (r1,72).

2. If players in population 1 can add signals and g > |, then in every purifiable equilibrium, for every
ry € R that satisfies Vi(ry) < V,+n, everyri € R}, and every o € R}, each player 2’s probability
of playing C at (ry,r2) is weakly more than his probability of playing C at (r1,72).

Proof. 1 will only prove the first statement. The proof of the second statement is symmetric, which I omit
in order to avoid repetition. Lemma [2]implies that player 1 has a strict incentive to play D when his record
is 71. Since player 2’s records are first order, his payoff from playing as at (71, 72) is (1 — d2)ua(D, a2) +

5oE[Vi|ag, 2], where E[Va]ag, 2] stands for player 2’s continuation value in the next period given his
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current-period action and record. Fix any (1, 7r2) € R} x Rj, if player 1’s (possibly mixed) action at (ry, r2)
is a; € A{C, D}, then player 2’s payoff from playing as at (r1,72) is (1 — d2)ua (a1, a2) + 62E[Va|ag, ra].
Since g < [, maxg,e A, {(1 — d9)uz(ay, az) + 62E[Va|ag, 7‘2]} is a single-crossing function of a;. Theorem
5 in Milgrom and Shannon (1994) implies that once we order players’ actions by C' > D, the set of
maximizers when a; = «;, denoted by A3*, dominates the set of maximizers when a; = D, denoted
by A%, in strong set order. Consider any e-perturbed stage game where player 2’s stage-game payoff from
playing as is uz (a1, a2) + £22(a2), where z2(a2) has bounded support and a non-atomic distribution. Since
z2(a2) has bounded support, player 2 will only take actions in A% with positive probability at (7, r2) and
will only take actions in A3* with positive probability at (71, 72) when ¢ is small enough. When C' ¢ A% or
when D ¢ A%*, the conclusion of Lemma [3]is trivially true. When C' € A5 and D € A3*, A5* dominates
A% in strong set order implies that A5 = A5* = {C, D}, in which case both the probability that player 2
plays C at (71, 72) and the probability that player 2 plays C at (r1,72) are between the probability of the
event that z5(C') > 22(D) and the probability of the event that z2(C') > 22(D). Events z3(C') > 22(D) and
22(C') > z2(D) occur with the same probability when the distribution of 25 is atomless. This implies the

conclusion of Lemma[3l O

I use Lemmas [T} 2] and [3|to show Theorem [3] I consider two cases separately, depending on whether
player 1 can erase or can add signals. This part of my proof uses the assumption that matching is uniform,

and in particular, a player’s record does not affect the distribution of opponents that he will be matched with.

Case 1: Suppose player 1 can erase signals. By Lemma 2] he will play D for sure at any record 7; that

satisfies V7 (71) > V1 — 0. Therefore, his equilibrium continuation value at 7; equals

3 m(m){u — 81)ur(D, 0%(F1, ) + 51E[v1|D,m}. (C4)

ro ER;
For every r1 € R} with Vi (r1) < Vi(71), if player 1’s current-period record is 71 and he deviates by playing

D and erasing every signal he generates, then his record remains 71, his payoff at r; under this deviation is

3 m(rg){u — 5 uy(D, 0%(r1,72)) + 51V1(r1)}, (C.5)

T2 ER;

which must be weakly lower than his equilibrium continuation value Vi(r;). According to Lemma
09(r1,72) assigns weakly higher probability to C' than o (71, 2), which implies that u; (a1, 05(71,7r2)) <

ui(ar, 09 (r1,r2)) forevery a; € {C, D}. Since the difference between (C.4) and (C.5) is at least V3 (1) —
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V1(r1), one can obtain the following inequality by subtracting (C.3) from (C.4):
E[VAID, 7] = Vi(r1) = (Vi(m) = Va(m) )op . (C.6)

Let Ry (71) denote the set of player 1’s records that occur with positive probability in the next period when

his current-period record is 71 and he plays his equilibrium strategy. Inequality implies that

s VAG) = Vi) 2 EVID, 7] = Vi) 2 (Vi) = vacm) )or . (eh)
Inequality suggests that for any 71 € R} that satisfies Vi (71) € [V —n, V1], there exists 7} € R1(71)
such that Vy (r}) — Vi(r1) > 67 1(V1 (71) — Vi(r1)). This leads to a contradiction since there exists 71 € R}
that satisfies both V'; > V;(71) and 5;1(‘/1(?1) —Vi(r1)) > V1 — Vi(r1) for any r1 with Vi(r1) < V4(71),
and any ' € Ry (1) that satisfies Vi (r}) — Vi (r1) > 07 1 (Vi (1) — Va(r1)) will have V;(r}) > V1. Hence,
17" (C') = 0. The conclusion that IT{** (C') = 0 then implies that TI"* (C') = 0.

Case 2: Suppose player 1 can add signals and the distribution of f; has non-shifting support. For every
record r; € Rj that satisfies Vi(r;) < V; + n, Lemma 2| implies that player 1 will play D for sure
at r;, and Lemma [3| implies that for every o € R3, the probability that player 2 plays C at (ry,r2) is
weakly greater than the probability that he plays C' at any (r1,72). Since player 1’s continuation value is
non-increasing over time, starting from any such r;, any record of this player 1 that occurs with positive
probability in the future, denote it by 74, satisfies V4 (r}) < V; + n. Since once player 1’s continuation
value satisfies V1 (r1) < V; + 7, his continuation value will also satisfy that in the future, we know that
player 1’s continuation value at r; is weakly greater than his continuation value at every record in R7]. This
contradicts the hypothesis that V' > V, and Lemma || then implies that Hgo’“ ) (C) = 0. The conclusion
that TI{*)(C') = 0 then implies that T (C) = 0.

D Proof of Theorem 4: Statement 1

Fix an equilibrium (o, i1). Recall from the proof of Theorem that 27 denotes the set of player i’s records
that occur with positive probability, V' (r;) denotes player i’s expected continuation value when his record
is 75, R;(13,s;) C R denotes the set of subsequences of (r;, s;), and ]?ii(ri, s;) C R} denotes the set of
r} such that (r;, s;) is a subsequence of r}. Let u; and u; denote player ¢’s highest stage-game payoff and

lowest stage-game payoff (as opposed to his minmax value), respectively. When m; , = both, player ¢ can
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choose any record from R; before being matched with his partner in period k, so his continuation value in
period k equals MaxX,/cR, V (r}) regardless of whether he was born in period k as well as his record r; and
signal s; in period k£ — 1 (in the case where he was born before period k). The definition of ¢* in implies
that for each player ¢, he has an incentive to play a # a! at (r;,7_;) only if

ped S filsilal 0% (i) max VD) = 3 filsilaf, 0% (i) max V)bt

T,/LERZ'(TZ‘,SZ') T;ERZ'(TZ',SZ')

S, €S; ;€85
pa{ D JSilsilal,o®i(rir2))  max = Y filsila, ot (i) max V(4
$;€S; TQERi(Ti’Sl) $;€S; ri€Ri(ri,si)
1-0;

—_'e*.  (D.D

)

pn{ Z fi(3i|a;7aii(ri7r z Tzwgz Z fz Sl’a'L?U TZ: Z))V(T’i,Si)} >

5;€85; 5;€8;

For every r; and s;, player i’s continuation value at any record r} € ﬁii(ri, s;) is at least his payoff from
the following strategy (i) not manipulating his record by the end of period £ if m;, € {none, add}, (ii)
setting his record to ; by erasing signals by the end of period k if m; j € {erase, both}, and (iii) choosing

a; according to his equilibrium strategy at every record profile. This implies that

1—-6;

V(r) > V(r;) — T=5(—p)

)

(V(ri) - QZ) for every r} € ﬁi(ri, Si), (D.2)

where the RHS is a lower bound on player ¢’s payoff if he uses the strategy I described. When player ¢ plays

a, € A; at (r;,r_;), the difference between his expected continuation value in the next period and V (r;) is

Pe Z fi(sila;, 0% (riyr—;))  max V(7)) + pn Z fi(silas, o, (ri,r—i))V (riy 85)

r'€R; (14,8
SiGSi g 1( v l) 87;651'

+py HlaXV +pa Z fi Sz|azva (Tzar z)) max V(r;) - V(Tl) (D.3)

ey HER(riss)

If any in equilibrium, for any (r;,7_;) at which player ¢ plays any a # a with positive probability in

equilibrium, then by (D.I)) and (D.2)), the value of expression (D.3)) is at least

1_51'* 1_5i
5 c _(pa+pn)

m(ﬂl — QZ) (D4)

At any other (75, 7_;), inequality implies that the value of expression (D.3)) is at least

1—4; _
—(Pa + Pn) )W—%) (D.5)
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Recall the definitions of V}, and 7, in the proof of Theorem|[I} From (D.4) and (D.5)), we know that

_ 5 1- 6
Vi1 — Vi > Lt — U — Uy) ———————. D.6
For every T' € N, summing up inequality from k = 1to k = T, we can obtain that
T T _
1-— (52 U — Uy Vk+1 - Vk 51
< { + JHiT Y } <TGy + Gy, D.7
kz:lﬂ'k >~ kz:l (pa pn)l — 5i(pa +pn) = = 1_ 51 >~ 1 0 ( )

<pa+pnc)*(ﬂi_ﬂi) . 1—5i(1§1+pn) and Gp = L% . 1251-' Since 7, € [0, 1] for every k € N, 1'

where G| = =

implies that

+00 Go

— o —k—1 — fo S ey — f()
E (1 — 5@)51 e < (1 — 51)1 G1 4 5z G < (1 — 51)1 1+ Gy. (D.8)
k=1

By the law of total probabilities, the LHS is the average probability with which player ¢ takes actions other

than a;. Fix any 8\2 € (0,1) and let 6; — 1, the RHS of 1@} equals GG1, and GG vanishes as p, + p, — O.

References

[1] Ali, S. Nageeb and David Miller (2016) “Ostracism and Forgiveness,” American Economic Review,
106(8), 2329-2348.

[2] Bhaskar, V (1998) “Informational Constraints and the Overlapping Generations Model: Folk and Anti-
Folk Theorems,” Review of Economic Studies, 65(1), 135-149.

[3] Bhaskar, V., George Mailath and Stephen Morris (2013) “A Foundation for Markov Equilibria in Se-
quential Games with Finite Social Memory,” Review of Economic Studies, 80(3), 925-948.

[4] Bhaskar, V and Caroline Thomas (2019) “Community Enforcement of Trust with Bounded Memory,”
Review of Economic Studies, 86(3), 1010-1032.

[5] Clark, Daniel and Drew Fudenberg (2021) “Justified Communication Equilibrium,” American Eco-
nomic Review, 111(9), 3004-3034.

[6] Clark, Daniel, Drew Fudenberg and Alexander Wolitzky (2021) “Record-Keeping and Cooperation in
Large Societies,” Review of Economic Studies, 88, 2179-2209.

[7] Cripps, Martin, George Mailath and Larry Samuelson (2004) “Imperfect Monitoring and Impermanent
Reputations,” Econometrica, 72(2), 407-432.

[8] Deb, Joyee, Takuo Sugaya and Alexander Wolitzky (2020) “The Folk Theorem in Repeated Games
With Anonymous Random Matching,” Econometrica, 88(3), 917-964.

[9] Ekmekci, Mehmet (2011) “Sustainable Reputations with Rating Systems,” Journal of Economic The-
ory, 146(2), 479-503.

23



[10] Ellison, Glenn (1994) “Cooperation in the Prisoner’s Dilemma with Anonymous Random Matching,”
Review of Economic Studies, 61(3), 567-588.

[11] Friedman, Eric and Paul Resnick (2001) “The Social Cost of Cheap Pseudonyms,” Journal of Eco-
nomics & Management Strategy, 10(2), 173-199.

[12] Fudenberg, Drew and Kevine He (2018) “Learning and Type Compatibility in Signaling Games,”
Econometrica, 86(4), 1215-1255.

[13] Fudenberg, Drew and David Levine (1993) “Steady State Learning and Nash Equilibrium,” Economet-
rica, 61(3), 547-573.

[14] Fujiwara-Greve, Takako and Masahiro Okuno-Fujiwara (2009) “Voluntarily Separable Repeated Pris-
oner’s Dilemma,” Review of Economic Studies, 76(3), 993-1021.

[15] Ghosh, Parikshit and Debraj Ray (1996) “Cooperation in Community Interaction without Information
Flows,” Review of Economic Studies, 63(3), 491-519.

[16] Hauser, Daniel (2023) “Censorship and Reputation,” American Economic Journal: Microeconomics,
15(1), 497-528.

[17] Heller, Yuval and Erik Mohlin (2018) “Observations on Cooperation,” Review of Economic Studies,
88, 1892-1935.

[18] Kandori, Michihiro (1992) “Social Norms and Community Enforcement,” Review of Economic Stud-
ies, 59(1), 63-80.

[19] Milgrom, Paul and Chris Shannon (1994) “Monotone Comparative Statics,” Econometrica, 62(1), 157-
180.

[20] Pei, Harry (2023) “Reputation Effects with Endogenous Records,” ArXiv:2308.13956.
[21] Pei, Harry (2024) “Community Enforcement with Endogneous Records”, ArXiv:2401.00839.

[22] Sandroni, Alvaro and Can Urgun (2018) “When to Confront: The Role of Patience,” American Eco-
nomic Journal: Microeconomics, 10(3), 219-252.

[23] Smirnov, Aleksei, and Egor Starkov (2022) “Bad News Turned Good: Reversal Under Censorship,”
American Economic Journal: Microeconomics, 14(2), 506-560.

[24] Sugaya, Takuo and Alexander Wolitzky (2020) “A Few Bad Apples Spoil the Barrel: An Anti-folk
Theorem for Anonymous Repeated Games with Incomplete Information,” American Economic Review,
110, 3817-3835.

[25] Sun, Yiman (2024) “A Dynamic Model of Censorship,” Theoretical Economics, 19(1), 29-60.

[26] Takahashi, Satoru (2010) “Community Enforcement When Players Observe Partners’ Past Play,” Jour-
nal of Economic Theory, 145, 42-62.

[27] Wiseman, Thomas (2017) “When Does Predation Dominate Collusion?”’ Econometrica, 85(2), 555-
584.

24



	Introduction
	The Baseline Model
	Main Result: Anti-Folk Theorem with Sufficiently Long-Lived Players
	Proof of Theorem 1

	Cooperation Between Players with Intermediate Expected Lifespans
	Extensions
	Concluding Remarks
	Proof of Corollary 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4: Statement 1

